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PREFACE. 


The  modern  history  of  Optical  Science  may  be  considered  to 
commence  with  the  discovery  of  the  law  of  the  refraction  of  light, 
by  Snellius.  To  Huygens  we  are  indebted  for  the  discussion 
of  the  aberration  of  pencils  refracted  by  spherical  surfaces  of 
media,  and  he  applied  his  investigations  to  the  construction  of 
his  double  eye-piece,  which  remains  in  high  estimation  to  the 
present  day.  By  good  fortune  he  secured  in  it  the  condition 
required  for  achromatism,  in  addition  to  the  advantages  of  reduced 
spherical  aberration,  to  which  his  views  were  directed,  although 
the  conditions  for  achromatism  in  eye-pieces  were  not  discovered 
until  long  afterwards. 

Sir  Isaac  Newton  having  discovered  the  unequal  refrangibility 
of  the  differently  coloured  rays  of  the  spectrum,  shewed  the  great 
effect  of  the  chromatic  dispersion  in  producing  indistinctness  of 
the  optical  images  produced  by  lenses. 

The  discovery  of  the  different  dispersive  powers  of  different 
media  by  Mr.  John  Dollond,  in  1757,  and  his  most  successful 
application  of  his  discovery  to  the  construction  of  the  object- 
glasses  of  telescopes,  gave  a  new  impetus  to  the  mathematical 
theory. 

We  find  Clairaut,*  D'Alembert,t  Euler,J  and  Boscovich,|| 
almost   simultaneously   investigating   the  properties   of  refracted 

*  Memoires  de  I' Academic,  1756,  1757,  1762. 

t  Opuscules,  Vol.  III.  1764. 

X  The  results  of  many  previous  papers  condensed  in  his  Treatise,  DioiJtrica,  1769. 

II  Dissertationes  quinque  ad  Dioptricam  pertinentes,  1767,  and  Opuscules,  1785. 
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pencils,  and  they  have  left  us  their  results  in  laborious  and  elegant 
analysis,  with,  however,  great  room  for  improvement  in  simplicity 
of  method.  All  these  eminent  mathematicians  investigated  the 
conditions  for  aplanatism  as  well  as  achromatism  in  the  object- 
glasses  of  telescopes.  Clairaut,  in  addition,  also  investigated  the 
aberration  in  obliquely  refracted  pencils,  and  proposed  to  correct 
this  effect  as  well  as  the  direct  aberration.  D^Alembert  discusses 
the  primary  and  secondary  foci  of  a  refracted  pencil.  Boscovich 
first  shewed  that  the  chromatic  dispersion  of  a  single  eye-glass 
could  not  be  corrected,  except  for  the  point  of  the  image  upon  the 
axis,  by  any  form  of  the  achromatic  object-glass;  and  he  dis- 
covered the  construction  of  the  double  achromatic  eye-pieces, 
which  were  hence  called  Boscovich^s  eye-pieces.  In  his  later  work, 
he  finds  the  condition  of  achromatism  in  combinations  of  several 
lenses  in  eye-pieces.  Euler  discusses  the  angle  which  a  given 
refracted  ray  makes  with  the  axis  of  the  lens,  and  compares  the 
relative  magnitudes  of  an  object  and  its  image,  or  successive 
images,  by  means  of  excentrically  refracted  rays ;  he  also  employs 
the  analytical  condition  for  achromatism  in  combinations  of  lenses, 
as  used  in  the  eye-pieces  of  telescopes,  but  does  not  keep  in  view 
practical  cases,  during  his  discussions. 

If  these  various  problems  had  been  fully  investigated  in  the 
neatest  and  simplest  manner  of  which  they  admitted,  and  their 
results  carried  out  to  the  cases  actually  arising  in  optical  instru- 
ments, little  would  have  been  left  for  succeeding  mathematicians 
to  accomplish.  They,  however,  left  the  mathematical  theory  so 
diffuse  and  complicated,  that  few  will  have  had  the  patience  to 
master  entirely  their  methods,  which  have  hence  long  remained 
almost  unfruitful. 

We  do  not  find  that  any  very  important  advance  in  the  mathe- 
matical theory  was  made  after  the  above-named  illustrious  mathe- 
maticians, until  the  Astronomer  Royal,  Mr.  Airy,  in  his  paper,  in  the 
"Cambridge  Philosophical  Transactions,^'  Vol.  ii.  rendered  to  optical 
science  the  great  service  of  applying  Euler's  analytical  method  for 
achromatism  to  the  combinations  of  lenses  for  eye-pieces,  which  had 
been  discussed  through  circuitous  methods  by  Boscovich.  He  also 
undertook,  in  his  paper  on  the  spherical  aberrations  of  eye-pieces, 
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in  the  next  volume,  the  discussion  of  obHque  pencils  through  the 
primary  and  secondary  focal  lines,  and  the  nearest  approach  to  a 
symmetrical  area  between  them,  or  the  circle  of  confusion,  as  the 
focus  of  each  pencil.  He  also  employed  the  directions  of  the  axes 
of  excentrical  pencils  to  explain  the  distortion  of  images. 

These  discussions,  through  the  circle  of  confusion,  apply  to 
exceedingly  small  pencils  only  when  the  obliquity  is  small,  because 
the  aberration  is  neglected,  and  hence  the  parts  of  the  field  of 
view  out  of,  but  near  the  axes  of  lenses,  cannot  be  considered  as  in 
the  actual  case  of  instruments  to  have  been  discussed,  although  for 
considerable  obliquities,  when  the  aperture  is  not  very  large,  the 
results  are  good  approximations.  These  papers  of  Mr.  Airy 
induced  Mr.  Coddiugton  to  re- write  his  Optics,  so  that  his  work, 
published  in  1829,  is  not  the  third  edition  of  his  first  Treatise, 
but  a  new  work,  and  is  the  one  referred  to  in  the  present  Treatise. 

To  find  the  form  of  the  image  in  any  actual  case  arising  in  the 
use  of  instruments,  it  is  clear  that  the  oblique  aberration  must  be 
considered,  and  the  formulse  put  in  such  a  workable  shape,  that 
the  form  and  curvature  of  the  image  can  be  traced.  Amidst  the 
complication  which  the  higher  optical  formulse  assume,  the  author 
has  succeeded  in  obtaining  working  formulse,  which  enable  him 
now  for  the  first  time,  as  he  believes,  to  trace  the  forms  of  the 
images,  and  to  find  the  lenses  possessing  the  desirable  properties 
of  more  correct  images  for  various  given  cases,  and  hence  to  discuss 
the  properties  of  eye-pieces  more  accurately. 

The  efi^ects  of  the  oblique  aberration  in  the  achromatic  lenses 
constituting  the  powers  of  the  achromatic  microscope,  were  disco- 
vered from  experiment  by  Mr.  Lister,  and  published  in  his  paper, 
in  the  "Philosophical  Transactions"  for  1829;  and  the  astonishing- 
advance  towards  perfection  which  the  microscope  has  in  conse- 
quence attained,  unaided  by  mathematical  theory,  has  been  a  reflec- 
tion on  the  state  of  mathematical  physics.  It  was  clear  that  no 
creditable  Treatise  on  Optics  could  now  be  undertaken  without 
discussing  Mr.  Lister's  discoveries,  and  if  possible  to  find  new  pro- 
perties which  experiment  could  not  be  expected  to  reach  without 
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the  mathematical  theory.  To  some  extent  the  author  considers 
he  has  filled  up  this  desideratum,  and  carried  theory  again  in  advance 
of  practice. 

The  old  approximations  for  the  aberration  applied  sufficiently 
accurately  to  the  object-glasses  of  telescopes,  where  the  refracted 
pencil  seldom  exceeds  3^  or  4^  in  angular  diameter;  but  as  the 
refracting  microscopes  are  now  constructed  so  that  their  object- 
glasses  bring  very  accurately,  incident  pencils  of  upwards  of  90^ 
angular  diameter,  to  a  focus,  the  second  approximations  can  apply 
only  imperfectly  to  such  cases,  and  hence  the  author  considered 
that  the  formulae  for  the  third  approximations  ought  now  to  be 
investigated. 

From  their  increased  complexity,  these  formulse  may  not .  be 
immediately  applied  to  practice,  yet  in  some  future  improved  state 
of  the  world  of  science,  when  the  mathematician,  the  computer, 
and  the  working  optician,  shall  be  brought  into  harmonious  action 
together,  from  the  necessity  to  secure  further  advance,  the  author 
trusts  they  will  be  found  useful. 

It  has  been  said  in  optical  treatises,  that  although  a  parabolic 
mirror  would  give  a  correct  image  of  a  star  at  the  focus,  yet  the 
image  would  not  be  correct  when  out  of  the  axis;  this  seems 
to  leave  room  to  doubt  the  great  advantage  of  a  parabolic  over 
a  spherical  mirror  in  the  Newtonian  telescope,  and  hence  it  became 
desirable  to  discuss  the  aberrations  of  ellipsoidal  and  parabolic 
mirrors  for  oblique  pencils,  as  will  be  found  performed  in  this 
work. 

The  author  found  that  the  expressions  for  the  reflexion  and 
refraction  of  pencils  at  spherical  surfaces  could  be  carried  one  step 
further  without  approximation,  than  has  hitherto  been  done,  and 
he  has  hence  availed  himself  of  that  method.  He  has  studied 
each  proposition,  to  find  what  he  considered  the  simplest  method 
of  treatment,  knowing  that  to  many  students,  optical  formulse 
seem  sufficiently  discouraging  without  any  unnecessary  complica- 
tions or  developments.  For  this  reason  also  he  has  omitted 
propositions  which  had  less  immediate  practical  bearing. 

The  notation  introduced  by  Mr.  Coddington  must  now  be  con- 
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sidered  so  far  established  in  this  country,  that  only  partial  devia- 
tions from  it  should  be  used.  To  his  last  Treatise,  which  will  long 
be  held  as  the  foundation  on  which  succeeding  treatises  have  been 
constructed,  the  student  is  referred  who  wishes  for  more  extensive 
study. 

To  Sir  John  Herschel  also  the  scientific  world  is  greatly  indebted 
for  his  excellent  Treatise  on  ^  Light,^  in  the  "  Encyclopsedia  Metro- 
politana.^'  The  student  will  there  find  many  optical  developments 
not  to  be  found  in  elementary  treatises. 


LONDON, 
DECEMBER,  1850. 
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At  page  114  the  reader  is  requested  to  refer 
In  the  table  on  page  lib  for 


to  the  Figure  on  page  110. 
(pr^  read  ^r. 
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PART  11. 


CHAPTER  I. 

ON    APPLICATIONS    OF    PHOTOMETRY. 

Referring  to  the  introductory  chapter.  Part  I. ;  we  have  the 
intensity  of  the  hght,  falUng  on  any  surface,  measured  by  the 
quantity  of  light,  or  the  number  of  equally  bright  rays,  which  fall 
on  a  unit  of  area,  supposing  the  intensity  uniforr^:  and  the  inten- 
sity at  different  distances  from  the  same  lummous  point  varies 
inversely  as  the  square  of  the  distance. 

Let  /  represent  the  intensity  at  a  distance  unity  from  a  luminous 
origin,  and  consequently  47r/  represents  the  whole  radiant  light, 
since  47rr^  is  the  area  of  the  surface  of  a  sphere,  and  here  r=l, 

then  the  intensity  at  a  distance  D  is  j^,  and  the  quantity  of  light 

falling  directly  on  a  small  plane  area  a  at  the  distance  D,  is  a .  -^. 
If  the  light  falls  obliquely  on  the  small  plane  area,  and  at  an  angle 
of  incidence  e,  then  the  quantity  falling  upon  it  is,  ^.a.cos. i. 
(Cor.  Art.  3,  Part  I.) 

If  now  we  take  a  an  elementary  area  upon  any  illuminated 
surface,  and  find  the  expression  for  the  quantity  of  light  falling 
upon  it,  the  integral  between  the  proper  limits,  will  give  us  the 
quantity  of  light  falling  on  the  whole  surface. 
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Article  1.  Proposition.  To  find  the  quantity  of  light  from 
a  luminous  point,  directly  above  the  pole,  which  falls  on  a  plane 
sectorial  area. 


Let  ASB  be  the  sectorial 
area;  F  the  position  of  the 
luminous  origin  in  the  per- 
pendicular to  its  surface  SF; 
and  the  height  SF=h.  Let 
pq  ha  an  elementary  area,  of 
which  the  polar  co-ordinates 
are  Sp  =  r,  ASP  =  &,  and  the 
area  of ^g- z=r.dL dr.  Then  the 
distance  Fp=  v^A^  +  r^  and 
the  angle  of  incidence =i=  jLpFB.  Using  the  notation  just  ex- 
plained, we  have,  the  quantity  of  light  falling  on  /?g'  =  ^3 .  a .  cos.  i 


7*2 +  7-2 

rdr . 


rdQ .  dr 


Vh^  +  r"- 


=Ih 


{h^  +  r^) 


,2\2 


and  the  whole  light  falling  on  the  sectorial  area  ASB= 


•ff. 


rdr . 


{h^  +  ry 

which  being  integrated  between  the  given  limits,  when  the  polar 
equation  of  the  curve  APE  is  known,  gives  the  quantity  of  light 
required. 


Example  1.  Let  the  sectorial  area  be  a  quadrant  of  a  circle 
of  which  the  radius  is  a,  then  the  quantity  of  light  falling  upon  it 
is  given  by  the  expression 


'^'{'-vWTl} 
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Ex.  2.  If  jFis  the  place  of  a  light  at  a  distance  h  above  the  center 
of  a  circular  table,  the  light  falling  on  the  table 

1  -v/A^  +  aM 

=  2tIx  versed  sine  of  half  the  angle  subtended  by  the 
table  at  F. 

Ex.  3.  If  a  luminous  point  be  in  the  middle  of  the  axis  of  a 
right  cylinder,  we  find  the  light  falling  on  each  end  by  the  last 
example,  and  subtracting  from  the  whole  radiant  light,  we  have 
the  quantity  falling  on  the  concave  surface 

=  47r/x  cosine  of  half  the  angle  subtended  by  each 
end. 

Ex.  4.  The  light  falling  on  any  solid  of  revolution  from  a 
luminous  point  (F)  in  its  axis  is  found,  as  in  Ex.  2. 

=  27r/x  versine  of  half  the  angle  of  the   cone   with 
vertex  F,  which  envelopes  the  solid. 

Art.  2.  Prop.  To  find  the  intensity  of  the  transmitted  light 
at  a  given  depth  in  a  dense  medium^  when  the  proportion  lost  by 
dispersion  and  absorption  in  passing  through  a  unit  of  depth,  is 
knoivn. 

Let  /  =the  intensity  of  the  light  at  entering  the  medium. 
„   I^=  .         .         .         .     at  a  depth  1. 

yi    h= ^• 

yf   h— ^' 

.    It= t. 

Let  —  be  the  proportion  lost  in  traversing  a  unit  of  depth  ; 

and  M=l , 

m 


then 


^         \         m  / 


B  2 
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and  similarly  for  any  depth  /, 

By  this  formula  we  can  find  the  portion  of  the  sun's  light  which 
penetrates  the  water  of  the  ocean  to  a  given  depth,  when  the  part  lost 
in  passing  through  any  given  space  has  been  measured.  It  also 
suffices  to  determine  the  part  transmitted  by  lenses  of  given  thick- 
nesses, when  the  effect  of  the  glass  of  which  they  are  made  is  known ; 
the  reflexion  at  the  surfaces  being  separately  taken  into  account. 

Art.  3.  Prop.  To  investigate  a  method  of  measuring  the 
light  transmitted  by  a  given  object-glass  of  a  telescope. 

'  B 


w 


Let  the  figure  represent  a  horizontal  section  of  a  photometer 
through  the  small  flames  of  the  lamps  Q  and  q^,  which  are  used ; 
gf  representing  the  horizontal  section  of  a  parallelogram  of  paste- 
board 40  to  50  inches  long  and  2  or  3  inches  broad,  which  is 
blackened  on  both  sides,  or  still  better,  covered  with  the  most 
non -reflecting  substance,  black  cotton  velvet.  An  upright  screen, 
whose  horizontal  section  is  BD,  at  right  angles  to  gf,  has  an  aper- 
ture at  mn  covered  with  the  thin  tissue  paper  which  is  used  to  take 
copies  of  written  letters  by  pressure.  This  aperture  being  bisected  by 
the  upright  end  of  the  pasteboard  at  /  has  its  respective  halves 
illuminated  by  the  lights  Q  on  one  side,  and  q^  or  q^  on  the  other 
side  of  the  pasteboard,  and  the  equality  of  the  illuminations  is 
judged  by  an  eye  at  e,  there  being  no  other  lights  present  but 
those  of  the  photometer.  Let  Q  be  the  determined  position  of 
one  of  the  flames,  and  q^  that  of  the  one  on  the  other  side  of  the 
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pasteboard  when  they  iUuminate  their  respective  halves  of  the 
tissue  paper  equally.  Let  then  the  object-glass  G  be  interposed 
between  Q  and/h;  the  eye  will  now  see  the  illuminations  on  the 
tissue  paper  to  be  unequal,  and  the  other  flame  will  require  to  be 
moved  to  some  new  position  as  q^  to  make  them  again  equal.  The 
position  of  q<2,  will  depend  on  the  condensing  power  of  the  lens,  and 
on  the  portion  of  light  lost  in  passing  through  it;  the  former 
effect  being  calculated  from  the  focal  length  and  the  position  of  Q, 
the  latter  is  determined  from  the  results  of  the  experiment. 

>  To  find  the  intensity  which  the  transmitted  light  would  have 
had  if  it  had  not  been  condensed  into  a  smaller  area  by  the  effect 
of  the  lens,  let  Q  in  the  annexed  figure  represent  the  position  of 


the  flame,  C  that  of  the  lens,  and  AdB  the  place  of  the  screen ; 
let  QC=Uj  Cd=d,f=  the  focal  length  of  the  lens,  and  a=  radius 
of  its  aperture.  The  light  diverging  from  Q  which  falls  on  the 
lens,  would  have  illuminated  a  circular  area  AB  if  the  lens  had  not 
been  interposed,  but  when  emergent  from  the  lens  it  will  diverge 
from  the  focus  q,  which  is  conjugate  to  Q,  and  illuminate  the 
circular  area  ab.      If  qC=v  we  have  (Part  I.  Art.  65.) 


/ 


and 


area  of  circle  ab 


{ad)' 


area  of  circle  AB      [Ad)"^ 


qC) 

Qdf 

QCf 
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^       intensity  of  the  light  if  spread  over  AB  _  area  of  circle  ab 
'      intensity  of  the  same  hght  over  ab     "area  of  circle  AB 


=''-^^r 


fi}--. 


and,  referring  to  the  first  figurc,  we  have  from  the  experimental 
result 

intensity  of  the  light  condensed  on  ab _  {q^mY 
intensity  of  the  light  direct  from  Q   ""  [qc^mY 

Compounding  with  the  previous  result  we  have 

intensity  of  the  transmitted  light  if  not  condensed     (Qi'^^^V  /  ■,  ^       V 

intensity  of  the  direct  light  ~  ^g-iinl  I  ~7(       d\  J 

By  this  method  a  very  fine  double  achromatic  object-glass 
of  four  inches  aperture  and  six  feet  focal  length  was  found  to 
transmit  about  sixty-six  rays  out  of  every  one  hundred  incident. 
As  the  apertures  of  object-glasses  of  telescopes  are  increased,  the 
thickness  of  the  lenses  must  be  increased  also,  and  hence  the  loss 
of  light  .will  be  greater  than  in  smaller  ones.  If  the  crown  or  plate 
glass  of  which  the  convex  lens  is  made  has  much  colour,  the  loss 
of  light  will  be  much  increased. 

Art.  4.  Problem.  To  compare  the  intensity  of  the  light  of 
the  heavenly  bodies  beyond  the  limits  of  the  atmosphere,  loith  that 
at  the  earth's  surface. 

To  solve  this  problem  rigorously  we  should  have  given  the  den- 
sity of  the  atmosphere  at  all  altitudes  to  which  it  extends,  and  the 
portion  of  light  transmitted  (differing  with  diff^erent  seasons  and 
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climates)  flirough  given  spaces  for  any  given  density,  but  we  may 
^l^pect  to  ob^in  a  good  approximation  by  taking  tbe  height  to 
which  ^e  atmosphere  would  extend,  if  its  density,  at  all  altitudes, 
were  the  same  as  at  the  earth's  surface,  at  the  mean ;  and  sup- 
posing that  lighj  is  transmitted  through  this  homogeneous  atmo- 
sphere a^it  is  8t  Ihe  earth's  surface. 

Bouguer  concluded  from  his  experiments,  that  light  was  dimi- 
nished in  the  ratio  2500  to  1681  in  passing  through  7469  toises 
(9.046  English  miles)  of  dense  air ;  which  was  nearly  the  ratio 
of  the  sun's  light  traversing  the  atmosphere  at  the  summer  and 
winter  solstices  at  Croisic,  his  place  of  residence. 

To  apply  this  to  the  formula  It=IM*  of  Art  2,  with  t  expressed 
in  miles,  we  have 

^9-046  _  ^y^  _  If  9 .046 

/       2500" 


1,-   1,       •  71^  /1681\9T0i6 

which  gives  M     =     (k^t^) 


J. 

(,2500^ 
=  .  95707. 


Supposing  that  the  earth's  atmosphere,  if  homogeneous,  would 
extend  to  the  height  of  4.9  miles,  and  /  were  the  intensity  of  light 
from  a  heavenly  body  beyond  that  limit,  we  have  for  the  intensity 
at  the  earth's  surface,  after  traversing  the  atmosphere  vertically, 

=  /(.80655) 

or  nearly  one-fifth  of  the  light  traversing  vertically  the  earth's 
atmosphere  is  absorbed,  or  dispersed. 

To  find  the  proportion  absorbed  when  a  heavenly  body  has  any 
given  zenith  distance,  we  must  find  the  distance  t  through  which 
the  hght  passes  within  the  homogeneous  atmosphere,  and  apply  it 
ia  the  preceding  formula. 

Let  O  be  the  center  of  the  earth,  AA'  the  surface,  z  the  zenith 
of  the  place  A,  in  the  radius  OA  produced,  Aa  =  ihe  height  of  the 
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homogeneous  atDiosphere  determined  from 
the  formula 

P 

where  h  =the  height  of  the  barometer 
p  =the  density  of  the  mercury, 
p'  =      .     .     .     of  the  air, 

then  ^O  the  radius  of  the  earth  being  known; 
0B=  Oa,  and  the  zenith  distance  zAB  being 
also  known,  we  have  AB  —  t  by  solving  the  triangle  OAB, 

I       M*  , 

The  formula  y-=-^,  =  M^*-'''>  gives  the  ratio  of  the  intensities 

for  two  different  altitudes  when  t  and  t'  have  been  found. 


CHAPTER  11. 


ON    THE    REFLEXION    OF    LIGHT    BY   PLANE   AND   CURVED    MIJIRORS. 

In  this  chapter  we  have  to  discuss  the  higher  propositions  of 
Catoptrics  which  were  omitted,  or  only  mentioned,  in  Part  I. 

Art.  5.  Prop.  To  find  the  direction  of  a  ray  of  light  after 
being  reflected  by  two  plane  mirrors,  the  planes  of  reflexion  being 
any  whatever. 

Let  SA,  AB,  BT  he  the  course  of  a 
ray  which  is  reflected  at  A  by  the  mirror 
LM,  and  at  B  by  the  mirror  KO ;  NA, 
nB  being  the  normals  to  the  mirrors  re- 
spectively. 

If  SA  were  one  of  a  pencil  of  parallel 
rays,  the  reflected  rays  would  be  all  parallel 
to  AB ;  and  similarly  after  the  second  re- 
flexion each  ray  would  be  parallel 
to  BT ;  so  that  the  deviation  after 
the  two  reflexions  would  be  the  same 
for  each  ray,  and  independent  of  the 
points  of  incidence  on  the  two  mir- 
rors. Let  us  suppose  that  A  is  inde- 
finitely near  to  O,  and  that  BO  in 
the  lower  figure  represents  the  inci- 
dent ray,  ON  the  normal,  and  ROr 
the  direction  of  the  reflected  ray. 
Let  On  parallel  to  Bn  represent  the 
normal  to  the  second  mirror,  and 
OT  the  direction  of  the  ray  after  being  twice  reflected. 

Let  a  sphere  with  radius  unity  be  described  round  O,  and  let 
the  lines  above-named   be  radii,    the  plane  of  the  first  reflexion 
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being  in  the  plane  of  the  paper,  and  the  plane  of  the  second 
inclined  to  it.  Produce  SO  to  s  and  NO  to  N' ;  and  join  T  and 
Sf  n  and  N'  by  arcs  of  great  circles.  Then  the  deviation  of  the 
twice  reflected  ray  is  the  angle  5  OT' measured  by  the  arc  Ts ;  and 
the  acute  angle  between  the  mirrors  equals  the  angle  N'On  between 
the  normals,  and  is  measured  by  the  arc  nN', 

Let  angle  of  first  incidence  =  z  SON  =ii 

second  ...  =  Z  ROn  =^ 

between  the  mirrors  =  Z  iV'0?^  =  a 
.      between  the  plane  of  first  incidence  and  the  plane 
N'On  which  is  perpendicular  to  both  mirrors  =  Z  RNn=Q 
.      .      .of  deviation  =^sOT   =D. 

Then  in  the  spherical  triangles  sRT,  N'Rn  we  have 

arc  RT=2i2,  Rs^'Hi^,  Ts=D,  N'n  =  <x, 

1  T^rwj  COS.  D  —  COS.  2ii  .  COS.  2L 

and  COS.  sRT  =         ; — ^. — 7-^. ^ 

sm.  2«i  sm.  Szo 

_^,„  cos.  a  —  COS.  i-,  COS.  L 

=  COS.  N'Rn=  : — .     ■    ^ 

sm.  ti  sm.  Zg 

whence 

-r.  /  .         .  ,sin.2iisin.2L  .         ^.        ,.. 

COS.  D  ={COS.a  — COS.2,COS.Z2)— ^ —-. r^  +  COS.  32,COS.22o 

^  '■        ^    sm.  i^  sm.  Zg  1  - 

also  from  spherical  triangle  N  Rn  we  have 

COS.  %        =     COS.  a  COS.  2\  +  sin.  a  sin.  \  cos.  9 
so  that  D  is  completely  determined  when  2\,  a,  and  d  are  given. 

Expanding  the  sines  and  cosines  of  22p  and  2^3,  and  substituting 
the  value  of  cos.  ig  we  find  after  the  reductions 

cos.  D  =  4  cos.  OL  cos.  2\  COS.  «2~2  coS'^  ^2~^  ^^^-^  «i  +  l. 
=  cos.  2oL  +  2  sin.^  a  sin.~  i^  sin.^  9. 

If  6=0  we  have  the  case  of  Art.  11.  Part  I.  and 

D=2u 
as  there  determined. 
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Art.  6.  Prop.  To  show  that  the  incident^  the  once  reflected, 
and  twice  reflected,  rays  are  equally  inclined  to  the  line  of  inter- 
section  of  the  mirrors. 

Let  the  letters  in  the  annexed 
figure  represent  the  game  points  as 
in  the  last ;  and  take  K,  a  point  on 
the  sphere,  90^  distant  from  ?^  and 
N' ;  then  the  radius  OK  is  the  di- 
rection of  the  line  of  intersection 
of  the  mirrors. 

Draw  the  great  circle  RKr,  and 
join  K,  T;  K,n;  K,  N' ;  andif,  5;        k 
by  arcs  of  great  circles. 

In  the  triangles  KnR,  KnT ;    since  Kn^^^O^  we  have 
COS.  KR  COS.  Kr 


COS.  KnR    = 


Kr 


sin.  Rn 
-COS.  KnT        = 
KT, 


sin.  nT 
COS.  KT 


sin.  nT 


In  the  same  way  from  the  triangles  KN'R,  KN's  we  have 
COS.  KR  cos.  Kr 


COS.  KN'R=        .      „,„        - 
sm.  RN 

=  — COS.  KNs       =  — 

.-.  Ks  =  Kr  =  KT 


sin.  N's 
COS.  Ks 

sin.  N's 


or  the  directions  Os,  Or,  OT  oi  the  incident,  the  once  reflected,  and 
twice  reflected  rays,  make  equal  angles  with  OK  the  line  of  inter- 
section of  the  mirrors. 

Art.  7.     Prop.     To  flnd  the  aberration  of  a  given  ray  of  a 
pencil  which  is  incident  directly  on  a  concave  spherical  mirror. 

Let  PAP'  be  a  section  of  the  mirror,  of  which  O  is  the  center 
of  the  curvature,  and  A  the  center  of  the  aperture.     Let  Q  be  the 
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focus  of  the  incident  rays,  QOA  the  axis  of  the  pencil  incident  per- 
pendicularly on  the 
mirror  at  A  ;  which 
being  taken  for  the 
origin  of  co-ordi- 
nates ;  and  QP  being 
any  ray  incident  at  P 
of  which  the  co-ordi- 
nates are  AM=.Xj 
PM  =  y,  let  Pq  be 
the  reflected  ray : 
then  if  q^  be  the 
focus  conjugate  to  Q  for  a  very  small  direct  pencil,  as  found  in 
Art.  19.  Part  I.,  the  distance  q^  q  is  called  the  longitudinal  aber- 
ration of  the  ray  QPq,  which  is  to  be  found. 


Let    QA  =  u,  AO  =  r,  Aq  =  v,  Aq^=v^;  the   equation  of  the 
circle  of  which  PAP'  is  an  arc,  is 

y'^=:2rx—o[^=x{2r—x) 

and  since  x  is  always  small  in  the  mirrors  of  reflecting  telescopes, 
we  may  neglect  x  in  respect  of  2r,  or  neglect  x'^  in  respect  of  2rx, 
and  use  approximately,  for  them, 


X 


~2r 


nearly. 


If  we  solve  the  above  equations  in  terms  of  x,  we  find  the  series 

y%  y\:  yQ 

For  the  mirrors  of  reflecting   microscopes   the   approximation 
^=^  is  not  always  admissible. 


Since  OP  bisects  the  angle  QPq,  we  have  by  Euclid,  book  vi. 
prop.  3, 

q^QO 

qP~QP      •     •      •     • 


(1^ 
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and  in  the  triangle  QPM,  we  have 

2x. 


=«^{i-J(.-.)} 


or 


QP^ua/  l-2x-(---) 
V  u\r      u) 


In  the  triangle  qVM,  we  have 

qP^=qM^  +PM^ 

=zv'^  +  2x[r—v) 
and  qP  =v\/  \  +  —  {r—v) 

=.A/i+2^.r(i-i) 

V  v\v     r/ 

Substituting  in  the  equation  (1)  we  have 
r—v  u—r 


or  dividing  by  r,  both  sides  of  the  equation, 

when  X  is  so  small  that  we  may  neglect  the  terms  into  which  it 
enters  as  a  multiplier,  we  have,  as  in  Part  I., 

-L_  1=1-1  or  J-=--l 

v^       r     r      iJ^  v^      r      u 

substituting  these  in  the  term  involving  x,  supposed  small  but  not 
negligible,  we  have 
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i=l  +  (l-l)|l-341-l)].fl+3...(?-lVi-i)l 
V     r     \r     ujy  u\r     u/ j     [  \r     uj\r      uj  \ 

~r     \r     u)\        u\r     «<//*[       '    \^     u)\r     u/j         ^ 
by  extracting  the  square  roots  and  omitting  terms  with  a;^,  x^,  &c. 


2     1  L 

; yoer 

r     u 


\\r    u)  \_u     \r     M/Jj 


neglecting  the  term  with  x^ 

=?_i^3/i_iy 

r    u         \r     u/ 


If  we  take  the  approximate  value  oi  x—^ 

,  1     2     1      2/Vl     1\^ 

we  have  -= 1--^-( I 

V     r    u      r  \r     u/ 

which  gives  the  value  of  v  to  a  second  approximation ;  and  when 
more  correct  values  still  are  required,  they  may  be  obtained  from 
(2)  by  successive  substitutions  for  v  in  the  term  involving  x^  and 
extracting  numerically  the  square  root  of  the  factors  where  it  is 
indicated. 

When  the  second  approximation  only  is  wanted,  the  following 
is  the  simplest  procedure.  By  neglecting  at  once  the  powers  of  x 
above  the  first  at  each  step,  and  substituting  the  first  approximate 
value,  in  the  small  term,  we  have 


t  u  \r      u J } 

=«{i-if(T-|)}"^'"-'y- 

.p=.{i...^(-L-i)r 


and  substituting  in  -^  =  -y^ 
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,                r—v                                   u—r 
we  nave ^ — -= — -. ^ 

vllJ^—il L\l     u[\  ——(- L\l 

1         V  \v         r/j         '•          u\  r       u )] 

.  l_l^/i l\[l^^(}: l_\l.il  +  f!^/i-iMnearl 

''v     r     \r      u  )\        v\v       r/JL        u\r    u)l         ^' 

\r       u  J  X.  \_v\v       r  J      u\r      ^*/JJ 

r       u  L\r        u       u  /  \r       u  /  J 

V       r       u  \r       u  / 

=l_i_+^CJ__J_Y. 


The  aberration  q^^ =v^—v=^lv      say^ 


and 


1         V^  —  V       I  V 


V        Vi 


therefore  Iv  is  known  when  —  and  —  have  been  found ;  and  for 
a  second  approximation  we  have,  since  v^v=v^  nearly; 


Iv 


\v       Vj/         r    \  r       u ) 


If  the   incident   pencil   had   consisted   of  parallel   rays,  or  if 

1  .  iP- 

— =0,  then  the  aberration  =  §1;=^. 

u  4r 

This  result  may  be  very  easily  obtained  geometrically,  as  half 
the  versed-sine  of  the  arc  of  the  mirror  nearly. 

If  we  had  taken  q  for  the  focus  of  the  incident  rays,  we  should 
have  found,  by  a  similar  procedure. 


u       r       V  \v       r  J 
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and  the  aberration  cu  would  still  have  been  measured  towards  A 
from  the  first  approximate  focus ;  since  we  have 

1       1 
—  >  — 


and 


^u 


_yW(  1       1  Y 


which  is  identical  with  the  previous  expression  by  putting  v  for  u ; 

/I         1  \^ 

and   we   see  that  the   aberration  increases   as  vM )    or 

^  \r        u  / 

/I       1  \2  . 

u.^{ 1   increase,  and  vanishes  when   Q  and  q  meet  at  O. 

^  \v       r J  ^ 

It  also,  for  a  given  position  of  the  focus  of  the  incident   rays, 

varies  as  {y^)  the  square  of  the  distance  of  the  point  of  incidence 

from  the  axis  of  the  mirror,  in  small  pencils. 

^     Art.  8.     Prop.     To  find  the  aberration  of  a  given  ray  of  a 
pencil  which  is  incident  directly  on  a  convex  spherical  mirror. 

Let  Q  be  the 
focus  of  the  pencil 
incident  on  the 
convex  mirror 
P^F;  and  let  the 
other  letters  in 
the  annexed  fi  gure 
indicate  the  cor- 
responding points 
to  those  in  the  last  proposition,  respectively. 

Then  any  ray  QP  being  produced  to  Qf,  the  exterior  angle  QfPq 
is  bisected  by  the  radius  OP,  and  by  Euclid,  book  vi.  prop.  A. 


qO_QO 
qP~QP 


(1) 


Also  taking  AM=x,  PM=y  we  have  by  proceeding  in  the 
same  manner  as  in  the  last  prop. 
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QP=  W.a/i +  2^ -7- +  i) 
V  u\r     u) 


and  the  equation  (1)  becomes 

T—V  U-\-7' 


V  V  \v     r/  V  u  \r     u/ 


11/11 
or 


-,      ^   r/1      l\\i 


neglecting  for  the  first  approximation,  the  terms  involving  x,  we 
have,  as  in  Art.  20,  Part.  I., 

J__2^1     1      J^_2     1 

Vj        r      r     u  '   v^      r     u 

and  substituting  these  values  in  the  coefficient  of  O!  and  expanding, 
we  find 


1     2     1     ^   /I     IV 

-=-  +  -  +  24-  +  -)   nearly 
V     r     u  \r     u)  -' 

r     u      r  \r     uj 


If  we  take  q^  the  conjugate  focus  to  Q,  from  the  first  approxi- 
mation, putting  Aq-^^  =  v^  we  have 

-  >  —     and      r  .  v.>v 

V      v^ 

or  the  aberration  is  again  towards  A  from  q^ 

y\^  /I     1\- 


and  dv  ■ 


r     \r     u) 


If  the  incident  pencil  converged  to  q,  we  should  have  by  sub- 
stituting in  (2),  the  first  approximate  value  of  w,  in  the  small 
term 

c 
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1_1_ 

U~  V 

r 

__1 

"  V 

r       r  ' 

\v      r) 
\v      rJ 


1      1 
-<  — 

u     u^ 


putting  ^^l  the  first  approximate  value  of  u^  we  see  that  now 
and  .  • .  u>u^j  or  the  aberration  is  now  from  A,  and 

r    \v      r/ 

It  will  be  seen  that  the  results  in  this  article  might  have  been 
deduced  from  those  of  the  previous  one  by  taking  the  lines  with 
contrary  signs  when  they  have  to  be  measured  in  opposite  di- 
rections to  that  of  the  case  taken  as  standard,  as  at  page  33, 
Part  I.,  and  in  the  same  way  the  results  for  other  cases  may 
be  found. 

It  will  be  seen  that,  in  convex  as  well  as  concave  mirrors, 
the  aberration  is  measured  from  the  mirror  when  the  focus  of  the 
incident  rays  lies  between  the  mirror  and  principal  focus ;  and  in 
all  other  cases  is  measured  towards  it.  The  aberration  vanishes 
when  Q  and  q  meet  at  O. 


\ 


Art.  9.     Prop.     To  find  the  least  circle  of  aberration  when  a 
pencil  of  rays  is  reflected  directly  at  a  spherical  mirror. 

We  suppose  the  aperture  of  the  mirror  to  bear  such  a  pro- 
portion to  the  fo- 
cal length,  that  we 
may  use  the  se- 
cond approxima- 
tions of  the  two 
last  articles. 

Let  BPAB'  be 
the  section  of  the 
mirror  whose  axis 
is  Aq^ ;  Bs,  B's 
the  rays  reflected 
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at  the  edge  of  the  mirror  which  intersect  the  axis  in  s ;  q^  the  geo- 
metrical focus  for  rays  reflected  indefinitely  near  to  A  ;  Pq  any 
other  ray  of  the  pencil  cutting  the  axis  in  q,  so  that  q^q  is  the 
aberration  of  that  ray. 

Then  if  we  put  y'=BM'— half  aperture  of  mirror, 
y=PM 

we  have  from  the  results  of  the  two  last  propositions 

q^s        y^ 

or  since  y',  the  radius  (r)  of  the  curvature  of  the  mirror,  and  u  the 
distance  of  the  luminous  origin  are  given,  therefore  the  aberration 
q^s  of  the  extreme  ray  is  given;  let  q^s=aj 

then  q^q=a^ 

let  mn  be  the  radius  of  the  least  circle  through  which  the  rays 
Bs,  B's  and  Pq  pass ;  we  have  from  the  triangle  msn,  BM's, 

mn     BM'  BM' 

sn       Ms '  Ms 

and  from  triangles  mqUy  PqM, 

mn      PM  PM 

=  — ^Tjr,  ov  mn= — TT   nq 

nq       qM  qM 

Now  since  the  aberration  is  by  supposition  very  small,  so  that 
we  use  the  second  approximations,  we  have  M's^^Mq  —  Aq^  —  v^ 
very  nearly ;  therefore  equating  the  values  of  mn^  we  have 

V  y 

•2— .  sn  =  -^-  .no 

and  nq  =  sq^  —  q^q  —  sn 


y^ 


substituting  this  value  of  nqy  we  have 


IW 
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and  mn^  —  sn 

Now  when  mn  is  a  maximum  in  respect  of  the  varying  po- 
sition of  P,  we  have  by  the  differential  calculuSy 


d{mn)_^ 
dy 


\{y-^y) 


y 

y  ~2y=0,    or2/=-|- 


substituting  this  value,  we  have 


4 
=^  and  qin=^.q^s 

which  gives  the  position  of  the  least  circle  of  aberration  ; 

and  its  radius  mn=—.sn 

V 

or  substituting  for  q^s  its  value  from  Art.  7,  we  have  for  a  concave 
mirror  the  radius  of  the  least  circle  of  aberration 


y'   yy/i     ly 


_y\/l 


(---V 

4r  \r      u) 


When  the  incident  pencil  consists  of  parallel  rays,  or  —  =  0, 
andvi=/=|- 
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y'6 

the  radius  of  the  least  circle  of  aberration =#^ 


or  the  diameter 


/3 


4^2 

I6f 


If  we  draw  q^b  perpendicular  to  the  axis  and  meeting  B's  in  bj 
then  q^b  is  called  the  lateral  aberration  of  the  extreme  ray,  and 

g^b=4s .  mn 

-t. 

Cor.  When  a  converging  pencil  is  incident  upon  a  convex 
spherical  mirror  so  as  to  give  a  real  focus  of  the  reflected  rays,  the 
aberration  (see  the  latter  part  of  Art.  8)  is  from  the  vertex  of  the 
mirror  as 
in  the  fi- 
gure; but 
by  pursu- 
ing the 
same  me- 
thod as  a- 
bove,  we 
find  the 
same  forms 
for  the  values  of  sn  and  mn 


or 


sn 


mn-. 


q^s 


4^1  ^^         4r  \u       rj 


By  substituting  the  proper  value  of  q^s,   the  result  may  be 
adapted  to  the  other  cases  of  reflexion  at  spherical  mirrors. 
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We  are  now  able  to  calculate  the  effect  of  using  spherical 
mirrors  in  catoptrical  instruments  in  place  of  mirrors  of  the  correct 
figures  for  no  aberration. 

Example.  To  find  the  effect  on  the  distinctness  of  a  seven-feet 
Newtonian  telescope  of  the  proportions  used  by  Sir  W.  Herschel, 
when  a  spherical  mirror  is  used  in  place  of  a  paraboloidal  one. 

In  this  telescope,  with  which  Sir  W.  Herschel  made  so  many 
discoveries,  the  aperture  of  the  large  mirror  was  6-^  inches,  and 
its  focal  length  about  86  inches. 


Here  we  have  y=S-^-^  inches,  and  r=172  inches 

.*.  the  Ion 
inch  nearly. 


the  longitudinal  aberration  of  the  extreme  rays=^=yV  of  an 


The  diameter  of  the  least  circle  of  aberration =-j-2  =  3TV(r  of  an 

inch,  which  is  less  than  one- tenth  part  of  the  breadth  of  a  hair  of 
the  head,  taking  it  as  -j^  of  an  inch.  If  we  divide  this  quantity 
by  the  focal  length,  86  inches,  we  find  that  the  diameter  of  the 
least  circle  of  aberration  subtends  at  the  center  of  the  mirror  an 
Lugle  of  "I  of  one  second  of  a  degree ;  and  this  would  not  prevent 
the  telescope  separating  the  images  of  many  difficult  double  stars,* 
which  are  considered  most  effectual  test-objects  for  telescopes. 

If  such  a  telescope  will  not  shew  these  objects  when  charged 
with  sufficient  magnifying  power,  we  must  conclude  that  the 
workmanship  is  defective  either  in  the  large  or  small  plane  mirror ; 
and  that  it  is  useless  to  speak  of  a  parabolic  figure  until  the 
mirrors  will  succeed  with  them  in  a  satisfactory  manner.  It  is, 
moreover,  to  be  remembered,  that  the  physical  effect  of  diffraction 
would  remain,  even  if  the  mirrors  were  each  of  a  perfect  surface 
and  polish. 

The  great  difficulty  of  making  the  small  mirror  of  the  New- 
tonian telescope  very  nearly  plane,  renders  it  advisable  for  amateur 

*  See  Herschel's  "  Astronomy,"  chapter  xii. 
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telescope  makers  to  construct  the  Herschelian  form  first ;  remem- 
bering that  by  dispensing  with  the  small  mirror,  one-third  of  the 
light  is  saved,  and  hence  there  will  be  equal  brightness  with  a 
speculum  of  considerably  less  aperture,  which,  however,  should 
not  exceed  one-fifteenth  to  one-twentieth  of  the  focal  length. 

Art.  10.  Prop.  To  investigate  an  expression  for  the  dif- 
ference of  the  extreme  abscissa  for  a  spherical  mirror,  and  one 
formed  by  the  revolution  of  a  conic  section  about  its  major  axis, 
when  they  are  of  the  same  aperture  and  focal  length. 

Since  the  radius  of  curvature  of  all  the  conic  sections  at  the 
extremity  of  the  major  axis  equals  half  the  latus  rectum,  and 
we  must  have  the  spherical  mirror  the  nearest  possible  to  the 
given  ellipsoidal,  paraboloidal  or  hyperboloidal  one,  therefore  the 
radius  of  the  spherical  mirror  must  equal  half  the  latus  rectum  of 
the  conic  section  by  which  the  surface  of  the  other  is  generated. 

Let  CAC  be  a  conic  section,  of 
which  the  focus  is  F,  BAB"  an  arc  of 
a  circle  whose  center  is  O  and  radius 
is  ^0  =  r,  which  is  equal  to  half  the 
latus  rectum  of  CAC. 


Then   the   general 
conic  section  being 


equation   of    a 


.2  —  . 


y  =  mx  +  nx^ 

where  m= latus  rectum,  and  w=0  in 

the  parabola,  is  negative  in  the  ellipse, 

and  positive  in  the  hyperbola ;  also  if  a  and  b  be  the  major  and 

minor  axes  of  the  two  latter,  we  have 


m=% 


b^ 


+ 


b^ 


If  y^-zzi^rx—x^  be  the  equation  of  the  circular  arc,  by  the  above 
conditions,  we  have  2r- 


m. 


Now  let  the  extreme  ordinates  be  equal,  or  BM=^y—CN,  and 
let  AM^x,  AN=x  ;  to  find  the  difference  MN=x-x,  we  have 
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subtracting  0 = 2r  (^ — x)  —x^— nx"^ 

or  iVM=:the  difference  of  the  abscissae  required 

x^  +  nx'^ 


X  = 


2r 


Since  x  and  x'  are  very  small  compared  with  2r 

and  y^=:x  (2r —x)=x'  (2r  +  nx') 

we  may  use  the  approximate  expressions  x=^,  ^'  —  i^ 

and  iVJf=  1^(1  +  71) 

ay* 

This  formula  gives  a  very  correct  value  for  iVM,  until  the  magni- 
tude of  y  is  much  greater  than  is  ever  used  in  telescopes  :  to 
apply  it  to  a  parabolic  mirror  in  the  example  of  the  last  article,  we 
have 

NM=  ^  '^l^.   inches 
8  X  172-^ 

=  .0000024  inch, 

or  less  than  one  four  hundi-ed  thousandth  part  of  an  inch.  We 
may  readily  grant  that  a  spherical  mirror  should  be  very  accu- 
rately ground  and  polished  before  a  parabolic  figure  is  thought  of; 
and  then  the  quantity  to  be  polished  away  at  each  point  is 
proportional  to  the  fourth  power  of  the  distance  from  the  vertex. 

When  the  axis  of  the  incident  pencil  falls  obliquely  on  the 
mirror,  the  effects  are  not  symmetrical,  but  may  be  classified 
under  two  heads  :  the  mirror  not  being  very  small  nor  the  obliquity 
very  great,  we  may  term  the  effect  oblique  aberration ;  and  when 
the  mirror  is  very  small,  or  the  obliquity  very  great,  we  may  call 
the  effect  confusion. 

We  shall  be  better  able  to  trace  the  changes  which  arise  as  the 
obliquity  is  increased,  from  the  least  circle  of  aberration,  when  the 
obliquity  is  nothing,  to  the  formation  of  the  least  circle  of  con- 
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fusion^  when  it  is  very  great_,  by  first  considering  the  origin  of  the 
caustic  lines  and  caustic  surface. 

The  caustic  line  being  the  locus  of  the  intersections  of  con- 
secutive rays,  takes  two  forms,  according  as  we  consider  the 
consecutive  rays  to  have  the  same  plane  of  incidence,  in  which 
case  the  caustic  lies  in  the  same  plane;  or,  as  we  consider  the 
plane  passing  through  tw^o  consecutive  rays  to  be  perpendicular  to 
the  plane  of  incidence.  We  are  at  present  considering  only  the 
reflexion  by  spherical  mirrors,  and  referring  to  the  figures  of 
Art.  9,  we  see  that  the  caustic  for  the  rays,  incident  in  the  plane 
of  the  paper,  will  have  two  like  branches  aq^,  bq^,  one  above  and  one 
below  the  axis  Aq■^^,  meeting 
in  a  cusp  at  the  geometrical 
focus  q^,  as  in  the  annexed 
figure ;  and  the  revolution  of 
either  branch  round  the  axis 
Aq^  will  form  the  caustic  sur- 
face.    If  the   mirror  be  cut 

by  a  plane  perpendicular  to  the  axis,  the  intersection  will  be  a 
circle  with  its  center  in  the  axis,  and  rays  incident  upon  the 
mirror  in  this  circle  will  be  all  similarly  related  to  the  axis,  and 
the  reflected  rays  will  all  intersect  it  in  the  same  point,  which  is 
the  vertex  of  the  conical  reflected  pencil.  If  we  consider  the  face 
of  the  mirror  to  be  made  up  of  such  circles,  we  shall  have  the 
reflected  light  forming  a  series  of  cones  with  their  common  axis 
that  of  the  mirror,  and  the  vertices  of  the  cones  forming  another 
caustic  or  focal  line. 

In  the  cases  of  accurate  reflexion,  the  caustics  are  reduced  to  a 
point,  which  is  the  accurate  focus. 

Whether  we  consider  the  caustic  surface  to  be  formed  by  the 
revolution  of  the  caustic  curve,  or  by  the  ultimate  intersections  of 
the  series  of  cones  which  have  their  bases^  circles  on  the  face 
of  the  mirror,  and  their  vertices  in  its  axis ;  we  see  that  the  sections 
of  the  reflected  pencils  will  not  be  symmetrical  unless  the  mirror 
be  a  segment  of  a  sphere,  with  its  axis  coinciding  with  the  axis 
of  the  incident  pencil. 
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If  we  could  suppose  a  large  mirror  reflecting  a  large  direct 
pencil,  and  forming  the  corresponding  caustic  surface,  and  then 
could  trace  the  modifications  of  the  latter,  when  portions  of  the 
mirror  were  covered  over  so  as  to  leave  only  a  small  reflecting 
surface,  we  might  find  the  eficcts  in  the  reflected  pencils  for 
different  cases,  but  they  will  be  found  in  the  following  propositions 
better  treated  by  independent  methods. 

'     Art.  11.     Prop.     To  find  the  form  of  a  pencil  reflected 
obliquely  by  a  small  spherical  mirror. 

Let  BCB^  be  a  section  of  the  small  mirror  seen  in  perspective, 
which  maybe  con- 
sidered a  portion 
of  a  larger  one,  of 
which  the  center 
is  O.     Let  Q  be 
the  focus   of  the 
incident  rays  and 
draw  the  line  QO^ 
which  will  be  the 
axis   of  the   sup- 
posed larger  mir-  \^ 
ror.    Let  C  be  the 
center  of  the  aper- 
ture of  the  small  mirror,    QC  the  axis  of  the   incident   oblique 
pencil,   Cg-iS'a  ^^^t  of  the  reflected  pencil.     Let  QP  be  another 
incident   ray,   in-          /^7\ 
definitely  near  to       /Y^^y> 
QCj   reflected   in      (X^ 
Pq^ ;  then  q^  be- 
ing the  intersec- 
tion   of    the    re- 
flected   rays,  is 
called  iheprimary 
focus  of  the  pen- 
cil.     If  we  take 
other     planes    of 
incidence,    which 
all   pass  through 
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the  line  QOAj  above  or  below  the  plane  of  the  paper,  the  reflected 
rays  will  have  their  primary  foci  in  a  circular  arc  above  or  below 
Qi  respectively;  and  for  the  whole  of  the  mirror  we  shall  have 
formed  this  arc  as  the  primary  focal  line  at  q^. 

In  the  lower  figure,  let  DCI/  be  a  circular  arc,  which  is  the 
intersection  of  the  mirror  by  a  plane  perpendicular  to  QOA;  and 
QC,  QP  being  rays  incident  on  DCD\  they  will  be  similarly 
situated  with  respect  to  QOA ;  then  the  reflected  rays  will  also  be 
similarly  situated  with  respect  to  QOA  and  will  intersect  it  in  the 
same  point  q<^ ;  or  §'2  ^^  *^®  secondary  focus.  If  we  take  other 
circular  arcs  in  the  same  manner,  higher  and  lower  than  DCD', 
they  will  have  the  secondary  foci,  further  from  or  nearer  to  0  than 
5^2  respectively,  and  for  the  whole  mirror  will  form  the  line  of 
secondary  foci  in  AOQ. 

To  find  the  distances  Cq^,  Cq^  from  the  center  of  the  mirror ; 
let  QC=Uj  CO=r,  Cq^  =  v^,  C(jl2  —  ^2i  ^^^  *^^  angle  of  incidence 
of  the  axis  of  the  pencil,  QCO  =  i= angle  of  reflexion  q^CO. 

In  the  upper  figure  draw  the  perpendiculars  Cn,  Cm,  upon  QP 
produced,  and  q^P  respectively  :  then  the  indefinitely  small 
triangles  CPn,  CPm,  are  equal  in  every  respect,  for  they  have 
the  side  PC  common,  the  angles  at  m  and  n  right  angles,  and  the 
angles  CPn,  CPm  equals,  because  they  are  the  complements  of 
the  angles  of  incidence  and  reflexion  at  P. 

.'.Pn  =  Pm 
and  Pn  =  QC—  QP  =  decrement  of  u 

=  —du 
Pm  =  g'iP—g'iC=  increment  oi  v^ 

/.  dv^=—du. 

Join  Oq^ ;  in  the  triangles  QCO,  qiCO,  we  have 

Qp2^Q(72  +  OC2-3.  QC.  OC  cos.  i 

_  ^2    ^   y2  _2rM  COS.  i 
q^0^  =  q^C^+0C'--2  ,  q^C  .  OC  cos.  i 

=  i?!^.  -f   r'^   —  2rvi  COS.  i 
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here  u,  Vy^  and  cos.  i  vary  from  C  to  P,  whilst  QO  and  q^O  are 
constant.     .*.  differentiating  we  have 

0=  udu  —r  COS.  i  du  —ru  d  .  cos.  i 
0—v^dv^—r  COS.  i  dv^  —  rvid  .  COS.  i 

equating  the  values  of  d  .  cos.  i,  and  omitting  the  common  factor 
du  after  substituting  —du  for  dv^,  we  have 


U  —  7'COS. 

^        rcos.t—v^ 

ru 

rv^ 

1 

2  sec. i       1 

Vi 

r           w 

whence 
which  gives  v^ 

Again  in  the  triangle  QCg2,  the  radius  OC  bisects  the  angle 
QCq^,  and  we  have 

QO  _  y,  0 

and  .'.QO'-xq^C'^q^O^xQC^ 

or  (m2  +  r^  —  2m  cos.  z)  ?;/  =  (z;22  +  r^ — 2rv2  cos.  i)  z^^ 

and  reducing 

r  {v^—u^)  =2  UV2  cos.  i  (Vc^—u) 

or       r  {v2  +  u)  =2uv2 cos.  i,  and  dividing  each  term  by  urv2 

1  _2  COS.  i      1 
Vq"      r  u 

which  gives  Vg. 

"^  Art.  12.     Prop.     To  find  the  least  circle  of  confusion  in  a 
pencil  of  rays,  after  oblique  reflexion  by  a  spherical  mirror. 

As  the  most  interesting  case  in  the  oblique  reflexion  by  sphe- 
rical mirrors,  we  will  first  take  the  circumstances  in  which  it 
would  be  applied  in  the  Herschelian  telescope.  The  axis  of  the 
eye-tube  coinciding  with  that  of  the  reflected  pencil,  we  must  seek 
the  section  of  the  pencil  perpendicular  to  this  line,  between  q^  and 
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q^i  which  is  the  nearest  to  a  circle,  or  when  the  length  equals  the 
breadth. 


In  the  figure,  let  C  be  the  center  of  the  face  of  the  mirror  seen 


in  perspective ;  Cq^q^^  the  axis  of  the  reflected  pencil ;  dq^d'  the 
primary  focal  line ;  hq<p'  the  secondary  focal  linCj  or  section  per- 
pendicular to  Cq^q^  through  q^  which  is  a  narrow  figure  of  eight, 
since  the  secondary  foci  are  in  the  line  Oq^]  and  let  mrns  be  the 
least  circle  of  confusion,  where  mn  in  the  plane  Bq^B"  equals  rs  in 
the  plane  Dq<jy. 

Let  BB=Diy  the  aperture  of  the  mirror  =2aj  the  breadth 
MN  of  the  pencil  perpendicular  to  Cq^  =  2a  cos.  i,  because  angle 
BCN  =  angle  q^CO  —  ij  when  BBf  is  small;  let  Cq^  =  v^y  Cq2  =  V2 
as  before ;  and  let  o  in  the  line  Cq^q^  be  the  intersection  of  mn 
and  r5.     We  have  by  similar  triangles 

^^'      ^^'         u         •  ^      IT        ^^'     2a. 

=  -7; — ,  or  the  primary  focal  Ime,  dd  = — (^2~^i) 

bb'      MN                      A       ^     iv       i.i.r     2a  COS.  i.  , 

=-j^ — ,  or  the  secondary  local  Ime,  bb  = (^2~~*^i) 


5'l92 

rs 


Cg 

J    ,  o        dd' 
and = 

bb' 


or  rs^q^o  .  — 


mn 


QiO      9x92 


but  mn=rs 


,  ovmn  =  q^o 


2a 

2a  cos.  i 


=  (V2- '^1-920) 


2a  cos.  i 
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2a     ,  .2a  cos.  i 

...  q20'—={v2-v^-q^o)—- 

,                                              Vr,  COS.  i  (vn—v.) 
whence  q^o=—^ —^ — r^ 

which  gives  the  position  of  the  point  o,  and  when  i  is  small  or 
COS.  2  =  1  nearly,  §'30  =  4  («^2~'^i)  nearly;  or  the  least  circle  of 
confusion  is  nearly  equally  distant  from  q^  and  q^. 

Again,  the  diameter  of  the  least  circle  of  confusion =7's 

2a 


=  q^o 


__  2a  COS.  i(?^2"~^i) 
""      V1  +  V2  COS.  i 

Since  the  telescope  is  used  to  view  distant  objects,  putting — =0 

u 

-  r  COS.  i  r  sec.  i 

we  have  v^= — ^ —  ,       ^2= — ^ — 

substituting  these  values 

^,     J.       ,       «,,    1      .    •    1     P       P    •         2a  COS.  i  (sec.  2— COS.  i) 
the  diameter  of  the  least  curcle  ol  contusion  = ,—^ — , — —^ ^ 

(cos.  l+l) 

=2a  (l—cos.i) 
=  2a  vers,  i 

If  we  suppose  the  aperture  to  bear  the  proportion  to  the  focal 

length,  which  is  found  in  achromatic  telescopes,  or  2a  =  j^=^, 

we  have  i=67'  nearly, 

and  the  least  circle  of  confusion  =  2a  vers.  57' 

=2ax   .0001375 

In  this  proportion  a  mirror,  as  in  Art.  9,  of  86  inches  focal 
length,  would  have  an  aperture  of  5-]^  inches,  and  the  least  circle 
of  confusion  =  .  000788  inch 

=T-2Vo  i^ich  nearly, 
which  is  much  more  than  the  aberration  found  in  Art.  9,  though 
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still  a  small  quantity ;  and  the  aperture  might  be  reduced  below 
this  proportion,  and  still  have  equal  light  with  the  Newtonian  form, 
besides  saving  the  errors  of  workmanship  of  the  small  plane 
mirror. 

Cor.  When  the  incident  pencil  is  conical,  with  its  perpendicular 
section  a  circle,  and  falls  obliquely  on  a  larger  mirror,  so  that  Djy 
in  the  figure  =x  =  breadth  of  the  pencil;  then  BB'=k  sec.  i. 
Proceeding  as  before,  we  find 

the  primary  focal  line         =  -z^ —  .  q^Qc^ 

the  secondary  focal  line  being  a  section  of  the  pencil  by  a  plane 

through  ^2  parallel  to  the  tangent  plane  to  mirror  at  C=-^ —  .  q^qc^ 

Lq^ 

K  sec.  i  ,  , 

=— :: —  (^2-'«'i) 


which  give,  by  the  same  method  as  before 

Vj  COS.  ^  +  2^2 

and  the  diameter  of  the  least  circle  of  confusion 

When  the  incident  pencil  consists  of  parallel  rays,  we  find  by  the 
same  substitutions  as  before, 

the  diameter  of  the  least  circle  of  confusion  =  ^ '-^-.. 

1  +  COS.**  t 

We  have  seen  in  the  preceding  articles  the  efiect  of  the  figure 
in  a  spherical  mirror  in  producing  aberration  directly,  and  the 
effect  of  a  small  spherical  mirror  in  producing  confusion,  but  an 
effect  of  equal  or  indeed  greater  consequence  has  hitherto  not  been 
discussed  by  mathematicians,  namely  oblique  aberration. 

If  OA  in  the  figure  is  the  axis  of  BAB',  a  spherical  mirror,  OA'  the 
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axis  of  a  pencil /ailing  obliquely  upon  it,  and  we  take  A'b  =  AB  the 
distance  of  the 
nearest  edge  of 
the  mirror  to 
A'y  then  we 
may  consider  a 
complete  cir- 
cular area  with 
diameter  Z>^'/^' 
to  be  taken  on 
the  face  of  the 
mirror,  which 
will  have  its 
geometrical  fo- 
cus for  small 
pencils  at  q, 
and  the  rays  at 
its  edge  cut- 
ting  the    axis 

in  s :  the  rays  reflected  outside  this  area  will  cut  the  axis  nearer 
to  A'y  and  we  suppose  the  one  reflected  from  the  edge  at  B  to 
intersect  it  at  o'. 


If  we  now  consider  the  perpendicular  sections  of  the  reflected 
pencil,  we  shall  see  that  nearer  to  A  than  q  we  shall  have  an 
oval,  like  the  first  of  the  lower  figures  in  white,  most  flattened  and 
brightest  at  «,  the  uppei*  edge ;  about  q  we  shall  have  a  section 
like  the  next  figure  (the  nearest  approach  to  the  primary  focal  line 
which  occurs  at  greater  obliquities),  the  upper  part  a,  in  the  first 
figure,  has  descended  to  a  in  the  second,  by  an  overlapping  of  the 
upper  rays,  producing  a  bright  upper  edge ;  at  the  intersection 
of  the  lines  B^s  and  Bq  produced,  we  have  the  parts  a  and  b 
coinciding,  and  a  little  nearer  s  we  have  a  section,  like  the  middle 
figure,  the  part  a  being  the  lowest  and  the  part  b  above  it, 
the  upper  part  being  now  very  bright ;  near  s  we  have  a  section 
like  the  fourth  figure,  with  the  upper  part  very  bright ;  and 
between  s  and  the  place  of  the  least  circle  of  aberration  for  the 
area,  whose  section  is  bA'B' ,  a  section  like  the  last  figure,  with  an 
upper  bright  nucleus  at  b  and  the  coma  descending  to  a. 
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These  appearances  may  be  verified  with  an  ordinary  concave  eye- 
glass ;  using  the  light  from  a  lamp  passing  through  a  hole  in  a 
card,  for  the  luminous  point,  and  receiving  the  light  reflected 
from  one  of  the  concave  surfaces  on  a  white  screen.  The  appear- 
ances will  be  found  to  change  with  the  obliquity,  and  to  approxi- 
mate to  the  primary  and  secondary  focal  lines  and  circle  of  least 
confusion,  when  the  obliquity  is  considerable  or  the  reflecting 
surface  small  compared  with  the  focal  length. 

If  we  were  to  choose  the  most  symmetrical  small  area  for  the 
focus,  perhaps  the  middle  figure,  which  corresponds  to  the  circle 
of  confusion,  where  the  length  equals  the  breadth,  would  be  taken ; 
but  the  eye  is  not  satisfied  that  it  is  the  nearest  approximation  to 
a  focus,  and  prefers  the  last,  with  the  bright  nucleus,  notwith- 
standing the  lengthened  coma. 

^  Art.  13.  Prop.  To  find  the  length  of  the  coma  and  of  the 
cometa  or  figure  of  oblique  aberration  when  a  'pencil  of  rays  falls 
obliquely  on  a  spherical  mirror. 

Let  BbAA'B^  be  a  section  of  the  mirror  by  a  plane  through  the 
axis  of  the  mirror  and  the  axis  A'qoq  of  the  oblique  pencil ;  so 
that  A'B  and 
A'B^  are  the 
greatest  and 
least  distances 
from  A'  to  the  ^ 
edge.  Then^'6 
being  taken 
equal  to  A'B,  / 
let  the  ordinate 
bN  =  y,  and 
BN'  =  y';  let  ^ 
Bqa  be  the  ray 

reflected  at  Bj  cutting  the  axis  in  g',  and  forming  the  limit  of  the 
coma  at  a ;  s  the  intersection  of  the  axis  by  the  rays  hs,  B's  ; 
q  the  geometrical  focus  for  rays  reflected  near  A' ;  noa  the  figure 
of  oblique  aberration,  so  that  no  is  the  radius  of  the  least  circle  of 
aberration  for  the  area  on  the  face  of  the  mirror,  whose  diameter  is 
bAB>,  and  oa  is  the  length  of  the  coma. 

D 
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From  Art.  9  no=^(—-—\^ (1) 

From  the  similar  triangles  q'oa,  qN'B  we  have 
oa_BN'  _y' 


(2^ 


qo     qN        v^           ^' 

or  oa——Q'o 

^1 

also  by  Art.  9 

3 

qo  =  -^qs 

and 

qs_  y^ 

.' 

••  QO  =  qq-qo=qq-—qs 

Substituting  this  value  in  (2)  and  the  value  of  qq'  from  Art.  7,  we 
have  the  length  of  the  coma 

r    \r       u  /    \         ^  y^J 

lfi/=y'  or  the  obliquity  vanishes,  this  expression  becomes 

y'\  /  1       1  Y 
4r    \  r       u  / 

the  radius  of  the  least  circle  of  aberration  found  in  Art.  9. 


As  the  ratio  -^  becomes  smaller,  the  quantity  to  be  subtracted 

in  the  last  factor  becomes  rapidly  less,  and  the  brightness  of  the 
nucleus  rapidly  diminishing,  the  magnitude  of  the  coma  becomes 
rapidly  increased,  until  the  axis  of  the  pencil  falls  on  the  edge 
of  the  mirror  or  A'  coincides  with  B^  when  its  value  becomes, 
since  then  y  =  0, 


ON    PLANE    AND    CURVED    MIRRORS. 


35 


y 


r  \r     u) 


and  we  still  consider  the  mirror  of  such  aperture  that  the  longi- 
tudinal aberration  varies  as  y^  nearly. 

For  the  value  of  noa 

we  have     »o  +  o«=^(l_  lyj^^'s^l  -||^)  +  $} 

=  the  extreme  length  of  the  figure  of  oblique 
aberration. 

The  above  discussion  applies  to  the  images  formed  by  the 
object-mirrors  of  reflecting  telescopes  of  the  Newtonian,  Gregorian 
and  Cassegranian  forms ;  the  points  in  the  images  out  of  the  axis 
being  affected  with  oblique  aberration  when  the  mirror  is  spheri- 
cal; and  the  obliquity  of  the  pencils  forming  these  images  is 
never  very  great.     See  Chap,  ix,  Part  I. 

When  a  pencil  from  the  object-mirror  falls  obliquely  on  the 
small  mirror  of  the  Gregorian  or  Cassegranian  telescopes,  we  have 
the  section  perpendicular  to  the  common  axis  of  the  mirrors  a 
circle  very  nearly,  because  the  aperture  of  the  large  mirror  is  so ; 
but  as  the  obliquity  is  always  small,  we  may  consider  the  form  as 
a  right  cone;  and  this  conical  pencil  falls  entire  on  the  small 
mirror,  so  that  the  circumstances  are  only  different  to  those  of  the 
reflexion  at  the  large  mirror  in  the  obliquity  of  the  second 
reflexion  being  greater  than  that  of  the  first. 

Art.  14.  Prop.  To  find  the  aberration  of  an  elhpsoidal 
mirror  for  a  direct  pencil ;  when  the  conjugate  foci  of  the  incident 
and  reflected  rays  do  not  coincide  with  the  foci  of  tlie  mirror. 

Let  BAB 
be  the  ellipse, 
which  is  a  sec- 
tion of  the 
mirror,  of 
which  the  foci 
are  B  and  H, 
Taking  a  case 


d2 
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similar  to  that  of  the  speculum  of  the  reflecting  microscope 
(Part  I.  page  140)^  let  Q  be  the  focus  of  the  incident  rays, 
AQSHq  the  axis  of  the  mirror,  QP  any  ray  reflected  in  Pq  ;  and 
let  PG  be  the  normal  at  P. 

Let  AQ=u,  Aq  =  v,  AM=Xy  PM=y,  and  the  equation  of  the 
ellipse  y^—-^{^ax—aiP')3  also,  according  to  the  ordinary  notation, 

2-1        ^ 

Then  the  equation  of  the  normal  at  P  being 

at  G  we  have  y=0,  and  x=AG=—^-€^x. 

Since  the  normal  bisects  the  angle  QPq  we  have  as  before 

qG  _  QG 
qP   '~  QP 

and  proceeding  as  in  Art.  7, 

J__^ I-+2JJ: L-V 

Ag~  AG       AQ^     \AQ      AG) 
u         \u       b\    ^  J 


12  -1/1  1       N3 

V       0^ 


a  a 


1     2«     2eVa7     1  ,  _   A      « \2         ....  ,    ^  .  . 

""^  '^^~^~  ~~b^ M+^^V^~F/   "^^^^^^^  ^^^'""^  ''''  ^ *^'*'^' ^"^^ 

the  first  power  of  x  ; 

where  the  last  term  is  the  small  variation  of  -  ,  or  §  ( - ) 
and  dv = the  aberration  =  —v^v  ,d(-\ 


ON    PLANE   AND    CURVED   MIRRORS.  37 

where  Vi  is  tlie  first  approximate  value  of  v. 

If  we  put  u=AS=a  (l  —  e)= — \ ^—=—- r  we  have  the 

^  ^        ^         1  +  e         «(l+e) 

coefficient  of  —v^^2a;y  thus 

\     d^  b^)  b^     ~^ 

or  the  aberration  vanishes,  as  was  found  in  Art.  13,  Part  I. 

If  e=0  the  ellipse  becomes  a  circle,  and  the  result  becomes 
identical  with  the  corresponding  one  of  Art.  7.  We  see  that  the 
aberration,  vanishing  when   Q  and  q  coincide  respectively  with 

S  and  Hy  becomes  greater  as  the  term  ( j^\  differs  more  from 

-Tj-  J  and  changes  sign  as  Q  passes  from  one  side  of  S  to  the 
other. 


ail 
If  we  use  the  approximate  value,  x=  -^j^  ,  we  have 


2 
2 


Iv 


which  we  may  employ  to  find  the  least  circle  of  aberration,  as  in 
Art.  9. 

Art.  15.  Prop.  To  investigate  an  expression  for  the  aberra^ 
tion  of  a  ray,  of  a  pencil  falling  obliquely  upon  a  concave  ellip- 
soidal mirror,  in  the  principal  section. 

Let  BAAB  be  the  elliptic  section  of  the  mirror  in  the  plane  of 
incidence  of  the  ray  QP ;  S  and  H  being  the  foci  of  the  ellipse 
and  Q  being  the  focus  of  the  incident  rays;  also  QA'  the  ray 
whicl)  falls  perpendicularly  on  the  mirror  and  is  taken  for  the 
axis  of  the  pencil. 
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Let  PG'  be 
the  normal  at 
P,  meeting 
A'Q  in  G'; 
and  Pq  the 
reflected  ray 
meeting  the 
same   line    in 


Referring  the  ellipse  to  the  tangent  A'y  and  normal  A'Qx,  as 
axes  of  co-ordinates,  let  A*M=Xy  PM=y  be  the  co-ordinates  of 
P;  and  C  being  the  center  of  the  ellipse,  let  a  =  angle  CA'G\ 
between  the  semi-diameter  A'C  and  normal  AG' ;  then  trans- 
forming the  equation  of  the  ellipse  referred  to  A'C  and  the  conju- 
gate diameter  as  axes  of  co-ordinates,  to  those  in  the  figure  we 
have  the  equation  of  the  ellipse 


(y  +  x  tan.  uY _2x  sec.  a     x'^  sec.^  a 


(1) 


where  a  —A'C,  and  h'  is  the  semi-diameter  conjugate  to  it ;  these 
can  be  found  in  the  given  ellipse  when  the  point  A'  is  given ;  also 
if  x^^  are  the  co-ordinates  of  A  when  the  ellipse  is  referred  to  the 

II  X 

center  and  principal  axes,  or  when  ^4--^=  1  we  have 
tan.  a=tan.  a4'Q=tan  (  z  between  AQ  and  AC-  z  ACA) 


dx^ 


X. 


1- 


dxj^     yj^ 

dyi  '  ^] 


V^^         )x. 


1  + 


b^ 
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Since  FG'  bisects  the  angle  QPq,  we  have  as  before 

qG'  _QG' 
qP  ~  QP 

and  putting  A'q  =  v,  A'Q=u,  and  AG'=s  a  quantity  varying 
with  the  position  of  P,  of  which  the  value  is  found  below,  we  have 
as  in  the  previous  propositions 

V     s      u 


=2_i^^(i_iy (,) 

s      u      s\s     uJ  ^  ' 


To  find  s  we  have 

s  =  A'G'=A'M+MG' 

Since  a  and  y  are  small,  and  x  very  small,  we  may  use  from  (1) 

1m    ft  1m    f1         \^X\       ^A 

the  approximate  value  x^^rr^ Vtuji o-    ;  and  reiecting 

^^  2o "  sec.  a     26  *  sec.''  a  jo 

terms  with  powers  of  y  above  the  second,  we  find 

^^2sec.a     3    ,  yV      f,      Psec.^a       1^      .    i 

5  = 7 ^ytan.  a  +  TTTT^ U To jrtan/aV 

a  2 ^  26 ^ sec.  at  a^  2  J 

whence 

1_       a  3 yg'^  tan,  a  y^a^       r        Psec.^a  2    l 

s  "  P  sec.  a  "^  2  6'^  sec.2  «      26'^  sec.=^  at  a'^  ^  ^'^'  ""] 

for  substitution  in  the  small  term,  we  have  the  approximate  value 

1_      a'       j^^^^j   . 
s     W^  sec.  «  ^ ' 

therefore  the  equation  (2)  becomes 

1         2«'        3ya2tan.a        y'^d^     f,      i'^sec.^a     .,     2    1      1 

-=77^ H^z 9 I7F T-U 71 Stan.^aV 

V     b^^QCcx,       b^sec.^a.       6^sec.^al  a^  }      u 

b''^  sec.  o\b'^  sec.  a      u) 

=  JfL-l^^v''"^''-%jrc^S (-—--)'-  -A-fi  -^■S!£^-5ta...^a')l 
i'^seca    M     4'<sec.-a     «'2sec.a\V«'-scc.a    «/      i'^sec.^uV  a'^  ^J 
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If  we  put  Vj  the  first  approximate  value  of  v^  we  have  the  aber- 
ration 

1      1 


When  Q  is  so  distant  that  -  may  be  neglected,  we  have  the 


u 


aberration 

_  h'^  sec.2  g  /       3  y</  tan.  a\  /  Zya"^  tan,  a        y'^a!^     (b'-sec.^a  ^    \\ 

3     ^  .        y-d       rZj'^sec.  a     tan.^  a^ 

=  -:y  tan.  a  +  tt^t i ti 1 7\ —  \ 

4^  4^>'3sec.  a\      d^  3     J 

We  see  that  the  aberration  depends  partly  on  a  term  with  y, 
and  partly  on  one  with  y'^y  and  is  therefore  not  symmetrical  for  all 
parts  of  the  pencil;  the  term  with  y  has,  however,  the  small 
quantity  tau.  a  a  multiplier,  and  is  therefore  very  small. 

In  the  expression  for  -,  the  term  with  y^  has  a  positive  and 

negative  part,  and  is  very  small  when  Q  is  near  H  or  S,  When 
we  make  a  =  0,  we  have  the  result  of  the  last  proposition,  Q  being 
then  in  the  axis  of  the  mirror;  and  when  further  we  make  d  —  h', 
we  have  the  results  of  Art.  7  for  a  spherical  mirror;  also  if  we 
make  the  major  axis  of  the  ellipse  and  u  infinite,  the  results,  agree 
with  those  of  the  next  proposition,  for  a  pencil  of  parallel  rays 
falling  obliquely  on  a  parabolic  mirror :  so  that  the  above  results 
may  be  considered  as  the  most  general  that  we  can  take. 

Art.  16.  Prop.  To  find  the  aberration  in  the  principal  section 
for  a  pencil  of  parallel  rays  falling  obliquely  on  a  paraboloidal 
mirror. 

Let  AF  be  the  axis  of  the  paraboloidal  mirror  BAA'Bf ;  and 
let  A'G'x  be  the  ray  of  the  oblique  pencil  which  falls  perpendicu- 
larly on  the  mirror :  another  of  the  parallel  rays  in  the  plane  of 
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the  figure,  or  prin- 
cipal section,  being 
incident  at  P;  let 
Pq  be  the  reflected  ^ 
ray.  If  a  be  the 
angle  which  the  ray 
^'a?  makes  with  the 
axis  of  the  mirror 
AF,  and  we  refer  the 
parabola  BA'B  to 
the  normal  A'x,  and 
the  tangent  A'y  as  axes  of  co-ordinates,  we  have  the  equation 
of  the  parabola 

{y-\-x  tan.  aY=.4im  .  x  sec.  a 

where  m'  is  the  distance  of  A'  from  F,  the  focus  of  the  parabola. 

Let  PG'  be  the  normal  at  P ;  since  it  makes  equal, angles  with 
the  incident  and  reflected  rays,  we  have  the  triangle  PG'q  isosceles, 
and  P5'=5'G'.     Let  A'q=v. 

To  find  A'G\  let  A'M=Xj  PM=:y  be  the  co-ordinates  of  P; 
we  have 


,3  v^       / 

=  2m  sec.  ol  —  -^y  tan.  «-f  ^    ,  ( 1 

2  ^  Am  sec.  a\ 

To  find  Pq^  we  have, 
Pq^VMq^-k-PM^ 


tan^  a' 


=^v 


2^     ^Z' 


1 h  ^  nearly 

I-  2iy\^m  sec.  u~  v)  J  ^ 

and       Pq  =  A'G'-A'q 

2  \2m'sec.a      t;/  2*^  4m'sec.aV  2     / 
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whence     v = m'seca 


-ytan.a  +  ^ 


l^2»n'sec.  a\  2     /      \2msec.  a     v/ J 


and  using  the  approximate  value  v=7ri  sec.  a  in  the  small  term, 

we  have, 

,  B      ^  V^  tan.2  a 

u=m  sec.  a— -rv  tan.  a  —  ~ — -, . 

4  ^  16  m  sec.  a 

Here  the  two  latter  terms  are  the  aberration,  which  we  see  is 
always  exceedingly  small  in  the  parabolic  mirror  of  a  telescope, 
where  tan.  u  is  always  very  small,  as  well  as  y. 

From  this  discussion  we  learn  that  even  in  the  oblique  pencils, 
the  parabohc  has  a  great  advantage  over  the  spherical  mirror  in  a 
reflecting  telescope.  The  rays  reflected  in  other  planes  of  oblique 
pencils,  will  not  meet  the  normal  rays;  but  the  error  will  in  all 
actual  cases  be  exceedingly  small. 

Art.  17.  Prop.  To  find  the  form  of  the  image  of  a  straight 
line,  given  by  small  direct  pencils  reflected  by  a  concave  spherical 
mirror. 

Let  BQC  be  the  straight  line,  and  BACA^  the  section  of  the 
sphere  of  the  mirror 
by  a  plane  through  the 
straight  line  and  center 
O.  Then  the  foci  for 
small  direct  pencils 
will  lie  all  in  this  plane. 
It  is  clear  that  the  part 
of  the  straight  line 
from  which  rays  can 
fall  on  the  face  of  the 
mirror  is  the  part 
within  the  circular  sec- 
tion, when  it  has  a  position  as  in  the  figure ;  and  there  will  be 
two  images,  one  real  by  the  mirror  BAC,  and  the  other  virtual  by 
BA^C. 

Let  AOQA^  be  the  diameter  perpendicular  to  BQC,  and  let  q 
be  the  real  image  of  Q  by  the  mirror  BAC ;  q^  the  virtual  one  by 
BA^C. 
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If  we  take  any  other  point  as  Q,  we  shall  have  the  two  images 
q'  and  q\  as  in  the  figure,  in  the  line  A'OQ;  and  to  find  the  loci, 
or  images  of  the  various  points  of  the  given  straight  line,  it  is  now 
more  convenient  to  refer  the  positions  of  the  conjugate  foci  to  the 
center  O.  Thus,  let  QO=^p,  q'0  =  q  and  AO  —  r;  we  have  from 
Art.  19,  Part  I. 

q'A_  QA' 
q'0~  QO 


or 


r—q_r+p 
q    ~"7" 

1  _  2     1 
q        r    p 

Let  the  perpendicular  distance  OQ=m,  and  z  Q;OQ=Q, 
we  have  p=m  sec.  Q 

and  -=-  + 


q     r     m  sec.  & 


or 


r 

rm 2 

2m  +  rcos.  5~,       r  . 

l+^r-    COS.  d 

2m 


Comparing  with  the  polar  equation  of  a  conic  section 

I 

^~l  +  ecos.  d 

we  see  that  the  image  is  an  ellipse  when        ^  is  less  than  m 


a  parabola     .     .      ^  is  equal  to  m 


T 

an  hyperbola      .      ^r  is  greater  than  m 


and  in  all  cases  the  half  latus  rectum  I  equals  ^  the  focal  length  of 

the  mirror;  and  the  center  O  of  the  mirror  is  the  focus  of  the 
conic  section.     As  a  particular  case  of  the   ellipse,  the  image 
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becomes  a  circular  arc  when  m  is  infinite,  and  e=-—  =0;  or  the 

image  of  a  very  distant  object,  as  a  heavenly  body,  is  formed  in  a 
spherical  surface  concentric  with  the  mirror,  and  of  radius  the 
focal  distance ;  for  although  the  visible  discs  of  the  sun  and  moon 
are  spherical,  yet  the  relative  distances  of  different  points  in  them 
are  so  nearly  the  same,  that 
the  images  of  them  formed  by 
a  small  telescopic  mirror  will 
be  indefinitely  nearly  as 
stated.  This  is  a  point  of 
consequence  in  investigating 

the  best  form  of  an  eye-piece  ^k ^ — ^'— 

for     the     Newtonian     tele-      \ 
scope.  \ 

The  parabolic  images  take 
place  as  in  the  annexed  fi- 
gure. 

The  hyperbolic  images  take  place  as  in  the  annexed  figure. 


When  the  straight  line  is  outside  the  circular  section  of  the 
sphere  of  the  concave  mirror,  there  can  evidently  be  only  one 
image  formed,  which  is  an  elliptic  arc,  as  in  the  first  figure, 
but  of  diminishing  eccentricity  as  the  distance  m  becomes  greater. 
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Art.  18.  Prop.  To  find  the  image  formed  by  small  direct 
pencils,  of  a  straight  line  placed  before  a  convex  spherical 
mirror. 


Let   Q[QQ['  be  the  straight  line,  and  BA'AB^  be  the  section 
of  the  sphere  of  the  mirror ;  and  OAQ  the  perpendicular  from  the 


center  O  upon  the  line.  Let  q  be  the  virtual  focus  conjugate 
to  Q,  and  taking  any  other  point  Q  in  the  straight  line,  join 
O,  Q'  and  let  q'  be  the  focus  conjugate  to  Q';  also  let  Z  Q:OQ  =  Q, 
OQ=m,  OQ^p,  Oq'=q,  OA  =  r,  then  as  in  Art.  20,  Part  I. 

q'A'  _QA' 


or 


whence 


q'O- 

-  QfO 

r-q 

_p-r 

Q 

P 

1 
9' 

_2__1 
r    p 

z 

r     m  sec.  9 

•-  n  — 

r 

2" 

2m 


cos.  5 


which  is  the  polar  equation  of  an  ellipse,  with  -=  the  half  latus 
rectum,  and  O  the  further  focus. 
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Art.  19.  Prop.  To  find  the  form  of  the  image  of  a  straight 
line,  produced  by  oblique  pencils,  reflected  at  a  small  concave 
spherical  mirror. 


^ 


^ 


We  have  now  to  consider 
tlie  image  as  the  locus  of  the 
circles  of  least  confusion,  in 
the  obliquely  reflected  pen- 
cils. 

Let  BAB^  be  the  small 
mirror,  of  which  the  center 
of  curvature  is  O,  and  QQQ' 
the  straight  line;  let  AOQ 
be  the  axis  of  the  mirror 
perpendicular  to  QQQ',  and 
q  the  focus  conjugate  to  Q. 

If  we  take  any  other  point, 
as  Q,  join  A,  Q,  and  draw  Ao,  making    z  oAQ—  Z  QAQ,  then 
the  least  circle  of  confusion  for  the  reflected  pencil  will  be  at  some 
point  in  this  last  line,  as  at  o. 

To  find  the  form  of  the  image,  let  AQ=a,  AO=r,  Ao=v, 
AQ=u,  z  QAQ=i;  then  u=a  sec.  i,  and  by  Art.  11,  we  have 


1      2  sec.  i 


7*2  \  7*2 

2(i4)  1-V 


a 


nearly 


A2 


Vc 


2  cos,  i     J^_'^^^     2) 2_ 

r 


u 


adding  we  have 


-1  +  -1=— 


T  +  T-^V      ra     A         2(2fl-r); 


2(2a-r) 
1     i2/2 


-i^{l-i4(M)}«(l-7-i(M)} 


ON   PLANE   AND    CURVED    MIRRORS. 


47 


\  r       a  J       a\r       a ) 


2a-r 

2 


or         Vi  Vo=  I  -75 I  {  1  —7^ > 

^    2     \2  a—rj  I        2a— r  J 

But  since  the  least  circle  of  confusion,  by  Art.  12,  is  nearly 
equally  distant  from  the  primary  and  secondary  focal  lines,  we 
have 

A  ^l  +  «^9 

V2«-^/l         2«-rJ^\     ra     /l^ +2(2«-r)J 
~2a-r  V   ~2(2a-r)/ 

(1) 


2*2 .  r^a 


2a-r      2(2«-r)2 

We  may  compare  this  expression  with  the  approximate  polar 
equation  to  a  circular  arc  j 
obtained  by  putting  as  be- 

fore,  COS.  z  =  1 —  near- 

ly,  in  the  value  of  OP^ 
from  the  triangle  BOP  in 
the  figure ;  where  0  is  the 
center  of  the  circular  arc  PAP",  and  S  the  pole. 

Let  OA  =  r,  SA  =  a\  SP=p,  z  PSA=i, 
then  r^=p^+{a'-ry-2p(a'-r')  cos.  e, 

from  which  we  find  the  approximate  equation 


p  =  a  — 


a'{a'-r') 
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When  the  circle  is    convex  towards  S,  and  therefore  A  the 
nearest  pointy  we  find 

2   a{a+r) 


2/ 


If  f)=v  in  the  above  equation  (1)  we  have 

«'=-jr 7  =  ^Q  ii^  the  first  figure 


2a-7' 

r         ~  (265— r)^  ~  a 
a{a  '-r)  =  ra 


,       aa 
r=  — 


a  -\-a 


_  r 
~Y 

or  the  image  is  approximately  a  circular  arc  with  radius  —  . 

<w 

We  see  that  an  image  formed  in  this  manner  is  concave  towards 
the  mirror,  whereas  from  Art.  17,  the  image  formed  by  small 
direct  pencils  is  convex  towards  it;  neither,  however,  of  these 
two  modes  is  that  in  which  the  image  formed  by  the  object- 
mirror  of  the  Newtonian,  Gregorian,  or  Cassegranian  telescope 
arises,  for  it  must  more  strictly  be  considered  as  the  locus  of  the 
figure  of  aberration,  as  found  in  the  next  proposition. 

Art.  20.  Prop.  To  find  the  form  of  the  image  of  a  straight 
line  produced  by  a  concave  spherical  mirror,  when  it  is  considered 
the  locus  of  the  cometa  of  oblique  aberration. 

As  in  Art.  17,  we  have  to  refer  the  image  to  the  center  of 
curvature  of  the  mirror,  and  now  require  expressions  for  the 
direct  and  oblique  aberrations  in  terms  of  the  polar  co-ordinates. 
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LetAOQhe 
the  axis  of  the 
mirror  BAB", 
meeting  the 
straight  line 
perpendicular- 
ly at  Q;  and 
let  O  be  the 
center  of  cur- 
vature of  the 
mirror.  Let  any 

ray  QP  be  reflected  in  Pq ;  and  let  AO=r,  QO=pj  qO=q}  also 
AM=a:j  PM^y,  the  co-ordinates  of  P. 


Then  as  before,  we  have 
and 


agam 


qP  _  QP 
qO"  QO    '  '  ' 

QP^=Q0^+0P'-  +  20M .  OQ 

=  {p  +  rY—2pa! 


QP=(;,+.)Vl-(|^ 

=p  -f-r —  nearly 

^  p  +  r  ^ 


=p  +  r 


y-p 


2r  {p-{-r) 
qP^^qO^+OP'-  -  20M  .  Oq 

=  q^-\-r^-2{r-x)q 
^{r  —  qY-\-2qx 


•.  qP={r-  q)\/l  + 


2qx 


=  r  —  ^  + 

=r  —  y  + 


qx 


r  —  q 
y^q 


[r  -  qy 
nearly 


2r  {r  —  q) 


(1) 
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Substituting  these  values  in  (1)  we  have 


r  —  q-{- 


vh 


2r  {r  —  q) 


p  +  r 


y^p 


2r  (p  +  r) 


or 


q       r      p        2r2  l^  +  r    r  — gJ 


substituting  the  first  approximate  value  of  q  in  the  small  term^ 
we  find, 

•f2 


1=AA 

q       r      p 

2p  +  r 


whence 


rp 
rp 


h y^ \ 

I        rH2p  +  r)! 


tf 


2p-\-r    r{2p-j-ry 


(2) 


where  the  last  term  is  the  aberration  of  a  ray  incident  on  the 
mirror  at  a  point  distant  y  from  the  axis. 

Let  Q'  be  any  point  in  the  line;  and  let  QOA'  be  the  ray 
falling  perpendicularly  on  the  mirror,  which  is  taken  for  the 
axis  of  the  obhque  pencil,  making  Z  QfOQ=&. 

If  qi  be  the  first  approximate  focus  of  the  direct  pencil;  and 
q^q'  the  aberration  of  the  extreme  ray,  then  the  place  of  o, 
the  least  circle 
of  aberration, 
is     such    that 

QiO=^qiq  by 

Art.  9.  Also, 
if  o'  be  the 
place  of  the 
cometa  of  ob- 
lique aberra- 
tion in  the  ray 
QOA',  it  will  be  a  point  in  the  image. 

Let  «  be  the  angle  BOA  or  B'OAj  of  the  semi-aperture  of  the 
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mirror  at   O,  we  have  y=zrci  nearly  for  the  extreme   ray;   and 

A'B'=r{o(.  —  S)  nearly. 

If  we  put  now  OQ=m,  OQf=p,  Oo'—q,  we  have 

1+  —  j  nearly. 

Now,  by  Art.  13,  and  substituting  the  corresponding  quantities 
in  (2)  we  have, 

_  ,       r.  OQ'      3  A'BKOQ'^ 


20C/-fr      4r(20Q'  +  r)- 

r  .  m  sec.  9      3  r^  (a  —  9)2  m^  sec.^  d 


2msec.  6 +r     4    r  (2»i  sec.  d+r)^ 


rm  5Vm         3r(a-fl)2m2f  5V 


+  r)2   1^  + 


2m  +  r     2(2m  +  r)2  '  4    (2m  +  r)2    I         2m4-rj 

If  we  take  a  small  as  in  telescopic  mirrors  generally,  and  5  for 
the  central  parts  of  the  field  of  view,  small  in  comparison  with  a, 
we  have  the  principal  terms  in  the  value  of  q  thus 

rm         3      ra^m^  3      rafim^ 


g=o^  ■  ^  + 


2m  +  r  '   4    (2»i4-r)2        2    (2?/i+r)2 
which  being  of  the  form 

where  h  is  small,  is  the  equation  of  an  arc  of  a  spiral:  also  a 
and  9  changing  sign  together  for  points  on  the  other  side  of  the 
axis  AQ,  the  whole  image  will  be  composed  of  two  such  arcs, 
meeting  at  a  very  obtuse  angle  at  o ;  with  the  convexity  turned 
towards  the  mirror. 

When,  in  the  next  figure,  we  take  q  for  the  luminous  point,  of 

E  2 
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which  the  image  is  at   Q,  we  have  from  the  expressions  before 
found 

p       q         r       '2^r^\p+r     r—q/ 

substituting  the  first  approximate  value  oip  in  the  small  term,  we 
find 

p       q         r      r^ 


whence 


p 


rq 


VY 


r-2q      r{r  -  2qY 

where  the  last  term  is  the  aberration,  which  the   negative  sign 
shews,  is  measured  towards  the  mirror. 


Taking  now  q  any  point  in  the  straight  line,  let  ^'^'Oo'  be  the 
axis  of  the  oblique  pencil;  and  Od=p,  where  o'  is  the  place 
of  the  cometa  of  oblique  aberration  in  the  figure. 


Then,  as  before,  if  Oq  —  m,  and  z  q'Oq  =  ^j 

P~^^-  r- %0q'       4  •    r{r-  20qy 
_     r  .  Oq  .  sec.  $ 


3     A'B"^ .  Oq'- .  sec.^^ 

r  —  20q.secJ       4 '  r(r  —  20^  .  sec.  fi)' 


rm 


(-4) 


3      r2(a-  5)W(l  +  02) 


-K,.^)  ^  .['-K'-OT 


nearly 
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r         0v   1 


r  —  2m     2(r— 2m)2      4     (r— 2m)2 

or  retaining  only  the  principal  terms  as  before,  we  have 
rm 


P=: 


3     rm^a^        3      rm^ccd 


r-2m      4  (r  -  2m)3  '  2  (r  -  2m)2 
which  is  of  the  form 

or  the  image  of  the  straight  line  consists  of  two  arcs  of  spirals 
again,  as  in  the  figure,  meeting  in  a  very  obtuse  angle  at  0. 

The  same  method  applies  to  finding  the  form  of  the  image 
produced  by  a  spherical  mirror  when  the  object  is  of  any  other 
given  form,  as  a  circular  arc  or  any  other  curve  line ;  and  thus 
to  finding  the  form  of  the  second  image  in  the  Gregorian  and 
Cassegranian  telescopes,  supposing  the  mirrors  spherical. 

In  each  of  the  last  four  articles  we  see  that  the  image  of  a 
straight  line  is  curved,  and  that  small  corresponding  parts  of  the 
object  and  image  are  similar  to  each  other,  but  the  ratio  of  their 
magnitudes  is  variable ;  so  that  different  parts  of  the  image  are 
differently  magnified  or  diminished,  or  the  image  is  distorted. 
For  the  small  portion  of  the  image,  near  the  axis,  which  is  seen 
in  reflecting  telescopes  and  microscopes,  the  distortion  is  not 
sensible,  and  the  curvature  requires  to  be  considered  in  the  con- 
struction of  the  eye-piece. 

Art.  21.  Prop.  To  find  the  form  of  the  image  of  a  distant 
object,  given  by  a  parabolic  mirror. 


Referring  to  Art  16. 
mirror;  A'G  the 
normal  at  A',  and 
the  axis  of  an  ob- 
lique pencil,  mak- 
ing z  A'GA  =  u 
with  the  axis  of 
the  mirror:  then 
the  focus  for  the 
direct  pencil  being 


Let  BAB'  be  the  parabolic  section  of  the 
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at  the  focus  of  the  parabola  F,  that  of  the  oblique  pencil  will  be 
at  some  point  q,  of  which  the  position  is  determined  by  the 
result  of  Art.  16,  as  follows, 

.,  ,  3    ^  V^tan.^a 

Aq=v=m  sec.  a  —  -r^tan.  a.—J'^    , 

^  4'  \bm  sec.  a 

where  m'=-4'jP,  y=the  distance  of  any  one  of  the  parallel  rays 
from  the  axis  of  the  oblique  pencil  A'G, 

The  aberration  vanishing  with  a,  and  changing  sign  with  y, 
for  points  on  different  sides  of  the  axis  A'G,  we  may  take  the 
image  as  the  locus  of  q  determined  by  the  expression 

v=m'  sec.  a. 

Let  AM=x'j  A'M—y\  be  the  co-ordinates  of  A'j  An=a:^, 
qn=yi  those  of  q  to  origin  A  :  and  let  y^=4mx  be  the  equation 
of  the  parabola.  By  the  property  of  the  parabola  we  have  the 
subnormal  MG=2m. 

AM       y' 
tan.  a — —  ^— 


MG      2m 


Now  sci  =  An= AM -{■Mn=x'+v  COS.  a=x'  + 

=x-h  A'F=  x'  +  \^y'^j^{^m-x'f 
=  x  +  '>/y"^  -\-rr^— 2mx  nearly 


=a?'4-mVl+    ^ 


2^2 


=^'  +  '^  +  -^  nearly (1) 

again,  y^  =  qn= A'M — v  sin.  a  =  / — m'  tan.  u 


-=2''-i('»+l 


4m  7 

=^  neglecting  y'^ 
y'  =  2y^     and  substituting  in  (1) 

c.,2 

X  =07,  —m  — 


m 
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substituting  these  values  in  the  equation  of  the  parabola, 


we 


have,         4^1^ =47w(«rj  —  m  —  —  j 


m 


which  is  the  equation  of  a  parabola  with  its  vertex  at  F,  its  con- 
vexity towards  the  mirror,  and  its  latus  rectum  one-eighth  of  that 
of  the  mirror;  so  that  we  may  consider  the  small  portion  which 
forms  the  field  of  view  in  a  Newtonian  telescope  with  a  parabolic 
mirror  to  be  nearly  plane,  with  a  slight  concavity  towards  the 
eye-glass. 
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CHAPTER  III. 


ON    THE    REFRACTION    OF    LIGHT    AT    PLANE    AND    CURVED 
SURFACES. 

In  Part  I.  tlie  propositions  on  the  refraction  of  light  were  dis- 
cussed only  to  first  approximations,  we  have  now  to  proceed  to 
second  approximationSj  with  other  higher  propositions. 

V  Art.  22.  Prop.  To  find  the  form  of  a  small  pencil  of  rays 
refracted  directly  at  the  plane  surface  of  a  medium  to  a  second 
approximation. 

Let  Q  be  the  focus 
of  the  ijicident  rays  in 
the  figures,  for  a  di- 
verging pencil  in  the 
upper  one,  and  a  con- 
verging pencil  in  the 
lower.  Let  QA  be  the 
ray  falling  perpendi- 
cularly on  the  surface  and  enter- 
ing it  without  deviation ;   QP  any 
other  ray  refracted  in  the   direc- 
tion of  q'P, 

Let  AQ=Uj  Aq=Uy   AP=y, 
L  PQA  —  i  =  angle  of  incidence  at  P, 
LP(fA  =  i=    .    .    .   refraction  at  P, 
we  have  in  triangle  QPif,  as  in  Art.  28,  Part  I., 

P(f  _  sin.  i  _ 
"PQ"~S^~^ 


or 


Vw'3+2/^  =  ^V'i<2^" 
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'(H--|J.)  =  /^^^(1+|^)  nearly 

2\U  VL  ) 


U  =\L,U-\- 


=[/.u-\-      ^ ...  by  substituting  for  u'  its  first 

approximate  value  in  the  small  term. 

The  last  term  is  the  aberration  of  the  refracted  ray,  which  varies 
as  y^,  and  the  least  circle  of  aberration  will  be  found  from  the 
results  of  Art.  9, 

If  a  conical  pencil  of  rays  be  incident  at  a  small  obliquity, 
there  will  be  oblique  aberration,  as  in  spherical  mirrors,  and  the 
nearest  approximation  to  a  focus  must  be  considered,  as  deter- 
mined by  the  figure  of  oblique  aberration,  according  to  the  results 
of  Art.  13. 

^  Art.  23.     Prop.     To  find  the  form  of  a  small  pencil  of  rays 
refracted  obliquely  at  the  plane  surface  of  a  medium. 

Let  BB'  be  the  refracting  medium,  Q  the  focus  of  the  incident 
pencil,  and  QC 
any  ray,  which 
we  may  take 
for  its  axis. 
Draw  Q^  per- 
pendicular to 
the  plane  re- 
fracting sur- 
face of  the  me- 
dium ;  then 
QAC    is    the 

plane  of  incidence,  and    z  CQ^  =  i= angle  of  incidence  of  QC  : 
let   the   direction   of  the   refracted   ray   meet    QA   in   q'2,   then 
Z  C^'2^  =  *'  =  angle  of  refraction. 


X\  ^ 

A 

B 

[ 

^^-.« 

a 

W-           ^.""^^^     J 

Ul 

ys' 

) 

If  we  take  QP  a  ray  in  the  plane  of  incidence  indefinitely  near 
to  QC,  the  refracted  ray  will  have  a  direction  Pq\  meeting  Cq\  in 
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q\,  which  is  the  position  of  the  line  of  primary  foci,  parallel  to 
the  refracting  surface ;  being  formed  by  the  intersections  of  the 
rays  refracted  in  other  planes. 

If  with  A  for  center,  we  describe  a  circular  arc  cCc'  through  C, 
every  ray  incident  upon  the  refracting  sui'face  in  this  arc  will 
be  similarly  situated  with  respect  to  the  line  QA^  and  the  refracted 
rays  will  all  meet  it  in  the  same  point  q'^-  The  rays  incident 
on  the  surface  in  other  arcs  concentric  with  cCc'  will  intersect 
the  line  QA  in  other  points,  and  form  the  line  of  secondary  foci. 

To  find  the  positions  of  q\  and  q\y  let  QC=u,  q\C=u{, 
q\C=u\\  draw  C?i  a  perpendicular  on  QP^  and  Cm  another  on 
q\P ;  then  Pw,  Pm  are  the  increments  of  u  and  u\y  and 

du        Pn        CP  sin.  i  i^-      ^  i 

=f^ (1) 

Draw  q\a  perpendicular  to  the  refracting  surface,  we  have 
q\a=u\  cos.  i'  ,      and      QA=u  cos.  L 

Now  q\a  and  QA  remain  constant,  whilst  u,  u\,  i  and  i,  vary 
in  passing  from  the  point  C  to  P;  therefore  differentiating  we 
have 

O=cos.  i'  du{—u\  sin.  i'  ,  di' 
O=cos.  i  du   —u   sin.i  .  di 

di     cos.  i     u\      du      sin.  i' 


whence 


di'     COS.  i'      u      du\     sin.  i 

from  (1) 


COS.  I      Ui 

COS.  e'      u 


also  differentiating  sin.  i=fjt,  sin.  i\  we  have 


di        COS.  z 
di        COS.  I 


and  equating  these  values  of  -p 


Ui  =  [^U 2-r 

^  COS.'^  t 
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Again  AC=  QC  sin.  %—(^JC  sin.  i' 


,         sm.  % 
^        sm.  t 


Between  the  focal  lines  there  will  be  a  circle  of  confusion,  of 
which  the  magnitude  and  position  may  be  determined  as  in  the 
case  of  spherical  mirrors. 

CoR.  If  the  incident  pencil  had  been  a  converging  one,  we 
should  have  found  the  same  result ;  like  as  in  the  previous  propo- 
sition the  two  cases  gave  the  same  expression. 

^  Art.  24.  Prop.  To  find  the  form  of  the  emergent  pencil  to  a 
second  approximation  when  a  small  direct  pencil  has  traversed  a 
refracting  plate  of  a  medium. 

Let  PABR  be  the  refracting  plate,  of  which  the  thickness 
AB=t,  let  Q  be  the  focus 
of  the  incident  rays,  and  S^ 
QAB  the  ray  perpendicular 
to  the  plate  and  the  axis  of 
the  pencil;  let  QP  be  any 
incident  ray  and  q'PR  the 
direction  of  the  refracted  ray 
within  the  plate,  also  qRS 
that  of  the  emergent  ray, 
which  is  parallel  to  QP. 

Let  QA  =  u,  gA=:u,  qB=v,  AP=y,  RB=y 

we  have,  |=^'     or   ,-,(ii+^)=,(l  +  J,) 

From  Art.  22, 


U  =[JiU-\- 


60 


OPTICS. 


also,  supposing  the  pencil  to  be  incident  in  the  contrary  direction, 


Bq 


=„^^,.,,+i^!^!rl) 


2lj,v 


=,u+yY-'Kt 


2fji.u 


v=u+ 


t      i^^-lcy 


2[j.' 


\  V        u] 


When  t  is  very  small  y=^y  nearly,  and  the  aberrations  at  the 
two  surfaces  destroy  each  other.  When  t  is  small  but  not 
negligible 


2/ _ 


nearly 


=l!(l+  2^)  (l_-L\  nearly 
„=„+A_fcl)(i  +  ±    i) 


=  M  + 


or  the  aberration  depends  on  the  thickness. 

\  Art.  25.     Prop.     To  find  the  form  of  a  small  pencil  trans- 
mitted obliquely  through  a  refracting  plate. 

Let  QC  be  the  axis 
of  the  small  pencil  di- 
verging from  Q,  and 
falling  obliquely  on  the 
plate;  q\,q'2  the  pri- 
mary and  secondary  ^^ 
foci  of  the  refracted 
pencil  within  the  plate ; 
g'j  q2  the  primary  and 
secondary  foci  of  the  emergent  pencil  respectively. 
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Let    QC=u,   q\C=u\,   q'^C—U2 
q^D  =  v^j  qcfi=V2i    AB=t, 

then  if  QAB  be  perpendicular  to  the  plate,  the  angle  of  incidence 
of  QC=  jL  CQA  —  i;  and  angle  of  refraction  Cq\^A  =  i  ;  also 
DC=AB  sec.  t=t  sec.  i\ 

At  the  first  surface  we  have  by  Art.  23, 
,  cos.2 1 

^  COS.'^  t 

At  the  second  surface,  supposing  the  pencil  incident  in  the  con- 
trary direction  we  have,  by  the  Cor.  Art.  23, 

T.  ,  cos.^i' 


=u\-\-t  sec.  i' 

cos.^i'  ., 

=fm 2~=~  +  ^  sec.  t 


.  /  sec.  I    cos.^  i 

iW,  COS.-^  Z 


Again  T)q^  =  iLV^ 

—u\-\-t  sec.  i' 
—lj.u  +  t  sec.  i' 
^  sec.  i' 


v^=u  + 


(^ 


we  see  that  the  confusion  is  a  function  of  the  thickness  and  the 
obliquity,  and  is  very  small  for  thin  plates. 

Art.  26.  Prop.  To  find  the  ray  which  passes  through  a 
given  prism  with  the  minimum  deviation. 

Referring  to  Art.  33,  Part  I.  Let  a  =  the  angle  BAG  of 
the  prism,  i=  /  SPn=  the  angle  of  incidence  at  P,  i=  L  nPQ 
=  angle   of  refraction   at   P;   e' =  z  ?^'QP  =  angle  of  incidence 
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on  the  second  surface  at  Q, 
e=  z  RQm  =  angle  of  emer- 
gence at  Q. 

d=  /.  QBE— the  deviation. 

We  have  as  in  the  above- 
named  article, 

cc=r  +  e' (1) 

d=[i—i')  +  {€—e') 
=i  +  e—ct (2) 

We   have  also   the   relations   sin.  i  =  ju,  sin.  ly    sin.  e  =  ju,  sin.  e\ 
from  which  we  obtain  the  values  of  the  differential  coefficients 

di       dc 

-p  i  —TT  y  and  d  is  therefore  a  function  of  one  independent  variable 

only,  let  this  be  taken  i'. 


then  from  (1) 
and  from  (2) 


di~ 
d  {d)  _di     de     dd 
IT'l^'^di''  d? 


jx  cos.  I     [J.  cos.  e 
COS.  i        cos.  e 


=0  for  the  minimum  value  of  d;    or 
i=e'  and  ^=e,  for  this  value. 


To  shew  that  these  correspond  to  a  minimum  value  of  d,  takin* 
the  second  differential  coefficient  in  respect  of  i',  we  have 

d^d)      dH     d^e    (de'\^ 


(-1 


dp  ~  dp  '  de'^ 

racos.^i'sin.i  — cos.^isin.i'     acos.^e'sin.e— cos.^  e  sin.  e' 

=  ^JC ^r 

L  COS."^  t  COS."*  € 

or  for  the  above  found  values 


d^{d)  _2ju.  (/x  cos.^  i'  sin.  i— cos.^  i  sin.  i') 
di^  "~  cos.^ i 

which  is  positive,  since  always,  sin.  i  >  sin.  i'  and  cos.  f  >  cos.  i 
and  the  value  of  d=:2i—u  is  a  minimum. 
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O  Art.  27.     Prop.     To  find  the  direction  of  a  ray  of  light  after 
refraction  in  any  planes  by  a  prism. 

Let  AB  be  the  edge  of  the 
prism,  in  the  first  figure,  being 
the  intersection  of  the  plane 
faces  CB  and  BD  :  let  SP  be  a 
ray  incident  at  P,  which  is  then 
refracted  in  PQ,  and  emergent 
at  Q  in  QT ;  so  that  the  refrac- 
tions at  P  and  Q  are  in  difierent 
planes;  PN  being  the  normal 
at  P,  Qn  that  at  Q. 

If  a  pencil  of  parallel  rays 
falls  upon  the  prism,  the  re- 
fracted pencil  within  the  prism 
consists  of  parallel  rays  (Art.  25, 
Part  I.),  as  also  the  emergent 
pencil;  so  that  if  we  consider 
the  circumstances  of  a  ray  fall- 
ing indefinitely  near  the  edge, 
we  shall  need  to  investigate 
only  the  directions  of  the  rays, 
without  taking  into  account  any 
lateral  displacement. 

Let  SOs,  in  the  second  figure, 
be  the  direction  of  the  incident  ray,  and 
take  O  the  center  of  a  spherical  surface 
with  radius  unity ;  NON'  the  normal  to 
the  first  surface,  and  OR  the  direction 
of  the  refracted  ray;  the  plane  of  the 
first  incidence  being  in  the  plane  of  the  paper.  Let  nOn,  in 
another  plane,  be  the  direction  of  the  normal  to  the  second  surface 
of  the  prism,  and  OT,  in  the  plane  nORj  the  direction  of  the  finally 
emergent  ray. 

Then  the  letters  of  the  figure  being  upon  the  surface  of  the 
sphere,  arid  the  dotted  lines  being  supposed  below  the  plane  of  the 
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paper;  the  arc  Ts  measures  the  angle  of  deviation  sOT=d  which 
is  to  he  found. 

Let  z  of  incidence  at  first  surface        =  z  SON—  z  sON'  =i 

.  refraction =  zRON'=t 

.  incidence  at  second  surface  =  /.  ROn   =e 

.  emergence =     TOn    =  e 

.  the  angle  of  the  prism  =  Z  N'On  =  a 
.  the  angle  between  the  plane  of  first 

incidence  and  the  perpendicular 

section  of  the  prism  =  z  RN'n  =  Q 

Then  we  shall  have  spherical  triangles  formed,  which  will  be 
as  in  the  lower  figure,  where  the  same  letters  refer  to  the  same 
points,  supposing  the  surface  of  the  sphere  near  R  to  be  seen 
more  directly. 

Now  in  triangles  sRT,  nRN'  we  have 

„-„    cos.  T's— COS.  Rs .  COS.  RT 

cos.  sRT= = — ^ -■ — "D^ — 

sm.  Rs  .  sm.  RT 

=  cos,  nRN' 

_cos.  N'n— COS.  Rn  .  cos.  RN' 
~"         sin  Rn  .  sin.  RN' 

cos.  d—cos.  {i  —  i)  .  cos.  {e  —  e')         cos.  a —  cos.  e' .  cos.  t 


or 


sin  (i—i')  .  sin.  (e—e)  sin.  e'  .  sin.  t 

J     (cos. a— COS. e' COS. «')  sin.  (i  —  i')  .sin.  (e—e')  ,.     .,v 

.•.    cos.  d=^- .      /    .     ./ — ^^ +  cos.(e-0.cos.  (e-e') 

we  have  also  sin.  i=ja  sin.  i\  and  sin.  e=ju,  sin.  e' ;  also  to  con- 
nect the  angles  e'  and  i,  we  have  from  the  triangle  N'Rn 

T^TVT/       COS.  Rn— cos.  RN  .  cos.  N'n 

cos.  0  =  cos.  RN  n= -. — 77^777 -. ^77 

sm.  RN   .  sm.  N  n 

whence        cos.  e'=cos.  6  sin.  i  sin.  a  +  cos.  t  cos.  a 
which  gives  e'  when  a,  i'  and  fl  are  known. 

If  we  make  d=0  in  the  above  expression,  we  have, 
COS.  e'  =  cos,  («  — 0     or     «=i'  +  e' 
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and  substituting  cos.  a  =  cos.  {i'  +  e')  in  the  value  of  cos.  d,  we 
find,  after  expanding  cos.  {i'  +  e'), 

cos.  d=cos.  {i—t-\-e—e') 
or  d=i-\-e—i—e'  =  i  +  e—o(.  as  in  Art.  33,  Part  I. 


Art.  28.     Prop.     To    shew  that   the  incident  ray   and  the 
emergent  ray  make  equal  angles  ivith  the  edge  of  the  prism. 

Let  the  points  N\  R,  s,  n,  T  be  the  same  in  the  annexed  figure  as 
in  the  two  latter  ones  of  the  last  ar- 
ticle. Take  K  a  point  on  the  sur- 
face of  the  sphere  90°  distant  from 
each  of  the  points  N'  and  n,  where 
the  normals  meet  it,  then  the  line 
drawn  from  K  to  the  center  of  the 
sphere  is  the  direction  of  the  edge  of 
the  prism. 

Draw  the  arcs  of  great  circles  Ks, 
KR,  KT,  since  Kn  and  KN'  are 
each  equal  to  90°,  we  have  in  the  triangles  KN'R,  KN's, 

COS.  KR 


cos.  KN'R  = 


COS.  1^5= COS.  KR 


sin.  N'R 
COS.  Ks 

sin.  N's 
sin.  N's 


sin.  N'R 

and  in  triangles  KnUj  KnT  we  have 

COS.  KR 


=  acos.  KR 


COS.  KnR- 


COS.  KT=  cos,  KR 


sin.  nR 
COS.  KT 
sin.  nT 
sin.  nT 


sin.  nR 


ju,  COS.  KR 


.-.  KT—Ksy  or  the  points  where  the  directions  of  the  incident 
and  emergent  rays  meet  the  surface  of  the  sphere  are  at  equal 
distances  from  the  point  where  the  edge  of  the  prism  meets  it; 
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that  is,  the  incident  and  emergent  rays  make  equal  angles  with 
the  edge  of  the  prism:  also  the  angle  which  the  refracted  ray 
within  the  medium,  measured  by  the  arc  KR,  makes  with  the 

edge,  is  known  from  the  expressions  above  found. 

« 

^  Art.  29.  Prop.  To  find  the  form  of  a  small  pencil  of  rays 
after  traversing  a  prism,  in  a  perpendicular  section. 

Let  ABC  be  the  perpendicular  section  of  the  prism,  Q  the  point 
from  which  the  pencil  diverges,  QPRS  the  path  of  the  axis  of 


the  pencil;  draw  nQ  a.  perpendicular  on  the  first  surface  of  the 
prism,  then  by  Article  23,  q'^  the  place  of  the  secondary  focal 
line  will  be  in  it,  and  q\  the  place  of  the  primary  focal  line  will  be 
as  in  the  figure.  From  q'^  draw  q'^/n  a  perpendicular  on  the 
second  surface  produced;  then  the  positions  of  the  primary  and 
secondaiy  foci  of  the  emergent  pencil  will  be  at  the  points  q^  and 
q^,  of  which  q^  is  in  g'g^  ^^^  q^  very  near  it. 

Let  QPz=u,  q\P  —  u\,  q^P^u^,  q^R=v^,  q.^R  =  v^  -,  let 
a—  ABAC  of  the  prism,  i  =  angle  of  incidence  of  QP  at  P, 
f  =  angle  of  refraction  at  P,  e'= angle  of  incidence  at  R  on  the 
second  surface,  e  =  angle  of  emergence  at  R. 


From  Article  23  we  have 


0    'f 

,.  cos.''  ^ 

^     ^     cos."  I 
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Also,  if  the  rays  had  traversed  the  prism  in  the  contrary  direc- 
tion, converging  to  q^  and  q^t  the  refracted  rays  would  have 
converged  to  q\  and  q\  respectively ;  therefore  we  have 

,  „  COS.-  e 

qiR  =  l^v.  7y — 

^  ^        ^  ^    cos.-^  e 

Now,  q\R =u\  +  PR=u\  +  AP  .  ^!"'     .„„ 

^  ^  *  ^  sm.  ARP 

Let  APj  the  distance  of  the  point  of  incidence  of  the  axis 
of  the  pencil,  from  A,   =a;    also    I  ARP  =  ISO^- {a -\- APR) 

==18O*5-(a  +  9O0-O 

.1                                    /  -r.       /               sin.  a 
then  q  .R  =  u^-\-a 7 -, 

^  ^  '■  cos.  (a  — z) 

and  q'^R=u\  +  PR 

,  sin.  a 

COS.(a  — z) 

Substituting  the  values  of  u\  and  u'2  we  have, 

a      /  CI    •/  • 

sm.  a 


cos.^e  cos.^  i  COS.  (a  — i') 

sin.  a 


COS.  (a  — i') 

whence 

a  sin.  a  cos.^  e 


V^=U~—^    '  — — 0-T  + 


cos.^i      cos.^  e'      |«,cos.  (a— i)      cos.^  e 

a  sin.  a 
^  y.  COS.  [a.  —  t) 

we   see   that   in   general   there   will   be   a    circle   of  confusion ; 

but  at  the  angle  of  minimum  deviation,  when  i=€,  i=ze=—, 

we  have 

_  a  sin.  a  cos.^  i 

^        .    ju,  COS.  [a  —  i)      cos.^  ^ 

f3 
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2  a  sin. 


\—lx}  sin. 


=  M  + 


a  sin.  a 

**  jxcos.  (a  — ^) 


2  «  sin. 


M  + 


COS."— 


We  see  that  near  the  angle  of  the  prism  the  primary  and 
secondary  foci  coincide  very  nearly ;  bnt  that  they  separate  jnore 
and  more  as  the  thickness,  of  the  prism  which  is  traversed,  becomes 
greater. 

The  above  discussion  shews  why  the  prism  was  directed  to 
be  set  at  the  angle  for  the  minimum  deviation  in  the  Chapter 
on  Chromatics,  Part  I.  pp.  107 — 8.  It  also  points  out  the 
precautions  to  be  taken  when  an  exceedingly  pure  spectrum  is 
required. 

When  the  pencil  is  large,  it  must  be  remembered  that,  in 
accordance  with  Art.  22,  it  will  be  subject  to  aberration. 


Art.  30.     Prop. 
accurate  refraction. 


To  investigate  the  equation  to  the  surface  of 


Let  the  pencil  first  di- 
verge from  Q,  and  after 
refraction  converge  to 
some  point  q  in  the  nor- 
mal to  the  surface,  QAq . 
Let  QA  —  a,  qA  —  b. 


Taking  any  two  rays  of  the  pencil  QP,  Qp  indefinitely  near  each 
other,  let  QP  =  p,  q'P=p\  Draw  the  perpendiculars  Pn  and  pm 
on  Qp  and  q'P  respectively ; 

then  pn  =  increment  of  p  =dp 

Pm  =  decrement  of  p=  —dp' 
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and  if  the  arc  AP=s,  then  Pp  =  ds ;  let  i  and  i'  be  the  angles  of 
incidence  and  refraction,  we  have 

Pm  —  Pp  .  COS.  pPm  or  —dp'  =  ds  sin.  i 
pn=Pp  .  cos,  Ppn  or  dp  =ds  sin.  i 
dp= — [jt,dp^ 

and  integrating  p=^—f/,p'+C 

for  the  direct  ray  QAq',  we  have 

a  +  fj^b—C 
p  —  a-\-^b—ixp (1) 

which  is  the  property  of  the  surface  stated  at  the  beginning  of 
Chapter  V,  Part  I. 

To  find  the  equation  of  the  surface  to  polar  co-ordinates,  let 
/.PQA  =  ^y  APqA  =  ¥,      In   the  triangle  QPq\   we  have   the 
relations 

/2=^2  +(«4.^)2_2p(a  +  ^)  cos.  fi 

p2  =p'^^+(^a  +  bf-2p\a  +  b)  cos.  ^ 

between  these  equations  and  (1)  we  may  eliminate  p  or  p\  and 
obtain  the  equation  of  the  curve  PAP',  for  q  or  Q  the  pole 
respectively,  as  follows. 


p'^[^^-\)-2p[i^,a-\-l^b-a  +  bcos.^')  -f2a^»(^-l)  +  A2(^2_i)=o    (2) 

^^('t^)+^K"-7^*-«~*--^)+^«<^V«K^)=o    (3) 

If  in  (2)  we  take  a  indefinitely  great,  for  the  case  of  parallel 
incident  rays,  the  terms  into  which  it  enters  as  a  multiplier  will  be 
indefinitely  great  in  comparison  with  the  others  which  may  there- 
fore be  neglected ;  also  a  being  then  a  common  factor,  divides 
out,  and  we  have 

._b(iJ.-\)     ^    V~T) 

^        a  — COS.  Q'              ,          1  ., 

^  1 COS.  6 

which  is  the  equation  of  an  ellipse  referred  to  the  further  focus 
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{q)  as  pole,  with  eccentricity  e= —  ,  in  accordance  with  Art.  37, 
Part  I. 

If  in  (3)  we  take  b  indefinitely  great,  for  the  case  of  the  refracted 
rays  being  parallel,  we  need  retain  only  those  terms  into  which 
it  enters  as  a  multiplier,  and  afterwards  omitting  it  as  a  common 
factor,  we  have 


•('-?) 


^           1  .  1  —  M'  COS.  5 
COS.  5  ^ 

which  is  the  equation  of  an  hyperbola  referred  to  the  further 
focus  (Q)  as  pole,  with  eccentricity  e=ju,,  in  accordance  with 
Art.  38,  Part  I. 

If  a  convergent  incident  pencil  is  to  be  refracted  accurately  to  a 
focus,  or  a  divergent  incident  pencil  is  to  be  refracted  diverging 
accurately  from  a  virtual  focus,  we  find  for  both  cases,  using  the 
same  notation  as  before, 

dp = fjt,dp^ 
and  p  =  a—[jib-\-[/.p' 

from  which  the  polar  equations  of  the  curve,  whose  rotation  about 
the  normal  ray  QAq'  generates  the  refracting  surface,  may  be 
found  as  before. 

From  these  the  cases  of  accurate  refraction  at  a  spherical 
surface,  as  shewn  at  Art.  39,  Part  I.  may  be  easily  deduced. 

Art.  31.  Prop.  To  find  the  form  of  the  refracted  pencil  to  a 
second  approximation  and  the  aberration  of  a  given  ray  when 
a  pencil  is  incident  directly  on  a  convex  spherical  refracting 
surface  of  a  medium. 

Let  Q  be  the  point  from  which  the  incident  pencil  diverges; 
PAP'  the  section  of  the  spherical  refracting  surface,  of  which  the 
center  is  O;  let  QAOq  be  the  ray  which  is  incident  perpen- 
dicularly at  A  ;   QP  another  ray  refracted  in  Pq\ 
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If  q\  is  the  focus  of  the  refracted  rays,    for   an    indefinitely- 
small  pencil,  then  q\q'  is  the  aberration  of  the  ray  Pq\ 


Draw  PM  perpendicular  to  QAO,  and  let  AM=Xj  PM=y  be 
the   co-ordinates    of    P,   to   the   origin   A;    and   if  the  radius 
OA=OP=r  we  have     y^  =  2rx-a!^ ;  let  also  QA  =  u,  qA  =  u' , 
then  QP^=QM^-  +  PM^ 

=  (w  +  a7)2  +  y3 

=  {u  +  a!Y  +  2ra;—ay^ 

=  WA/l+2^-f— +  — ) 
V  u\r       uj 

qP'-  =  q'M^  +  PM^ 


similarly 


and  q'p=u'\/'i-2x^(—-^\ 

V  u  \r       u / 

Now  from  the  triangles  QPO,  qPO  we  have,  as  in  Art.  43, 
Part  I. 

qO     _  00^ 

^'   qP      ~  QP 

lJt,{u'—r) u+r 

i^'a/i  -2^-4f  —  — i")  ua/i  +  2a;— (—  +  —) 

V  u  \r       u  /  V  u\r       u  / 

dividing  by  r,  &c.. 
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r     u      \r     uj\  u\r     uj j      I  u  \r      u  )] 

Neglecting   the  terms  involving  x  we  obtain  for  u\  the  first 

.      ,.  /  1        1  \      1       1 

approximation  ai r]  = 1 

\r       u  /      r       u 


r 
and  4=^^-- 


as  found  in  Art.  43,  Part  I. 

If  we  substitute  this  value  in  the  small  term,  we  shall  obtain  a 
more  correct  value  of  u,  by  extracting  the  roots ;  and  proceeding 
in  the  same  manner  we  may  find  the  value  to  any  required  accu- 
racy, for  any  given  value  of  J7. 

When  X  is  small  but  not  negligible,  omitting  powers  of  it  above 
the  first,  we  have, 


ii=^-(14){i-.r?:p+i)+i;A-4)l} 

u      r      \r     u/  I  [_u\r     uJ      u  \r      u  /J  J 

r        u        lu\r     u)      /^''V    r        uj\r     uJ }      \r     u) 

jj.-\     1  ^  ^r(f.-l)/l  ^  ly/f^^  +  l  ,  1\ 
r        u  \i?       \r     u)  \    u        r) 

If  we  substitute  the  approximate  value  \f^  —  %rx  nearly,  we  have 
the  second  approximation  in  the  following  form  : 

u         r        u     2        [L^   \r     u)  \    u        rj 
and  the  aberration       =  u\  —u—  u\  u\—r 7-  ) 

When  the  second  approximation  only  is  wanted,  we  arrive  at  it 
more  concisely  as  follows, 
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z=u^  +  ^{u  +  r)  nearly 

and  g'I^  =  u^-'Zx(u-r) 

y 
=  u^  ——{u—r)  nearly 

,  ,v  ,.      .  qO     QO 

substituting  m         ju. .  ^-p—7yp  » 

[j^{u'—r)  __  u  +  r 
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we  have 


.,,(i_i,)=(ui){i-fr-(i-i)+-(-+-)i} 

\r     u )     \r     uj\       2  \_u  \r     u  J     u\r     u/ _\  J 

i+ife=i)(^±i+i)(i+iy 


^-1 


Q  Case  2.  When  Q  is  so  near  to  A  that  gf'  is  a  virtual  focus,  as  in 
the  next  figure,  we  have 


q'P^=.u'"-\-2x{u-\~r) 
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and  5'P=«'a/i  +  — (-+^) 

^  V  u   \r      u  / 

which  gives 


1^  a7r(^-^l)/l  ^  IV/^  +  l^lx 


and  the  aberration  g'Yi  has  the  same  expression  as  before,  but  is 
now  measured  from  A, 

'^    Case  3.  When  the  incident  pencil  converges  to  Q,  as  in  the  next 
figure,  we  have 


and 
which  gives 


QP^=iu^-2x{u-r) 


2ar  /I     1 


U     \7 


h) 


ft-i   i_  OT-{|it-i)/i   lY/ft+i    V 


>-!)/!     IV/ft  +  l     1\ 


and  the  aberration  is  measured  from  the  first  approximate  focus 

towards  or  from  A  according  to  the  sign  of  the  factor  i- j; 

and   vanishes   when    (|x  +  l)r=w,   which  is  the  case  of  accurate 
refraction  at  a  convex  spherical  surface  investigated  in  Art.  39, 

Part  I.     The  aberration  also  vanishes  with  the  factor  ( i  or 

\r     u) 

when  M=r,  that  is  when  Q  coincides  with  O,  and  each  ray  enters 

the  medium  without  deviation. 

We  see,  that  as  in  the  cases  of  the  first  approximations,  any  one 
of  the  formulae  may  be  adapted  to  another  case,  by  taking  u  and  vl 
with  contrary  signs  when  measured  in  the  opposite  direction  from 
A  to  that  for  the  given  formula. 
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For  a  pencil  of  parallel  incident  rays^  if  we  make  m  =  oo,  we 
have 


which  can  be  easily  obtained  by  a  direct  solution. 

Art.  32.  Prop.  To  find  the  form  of  the  refracted  pencil  to 
a  second  approximation  and  the  aberration  of  a  given  ray  when  a 
pencil  is  incident  directly  on  a  concave  spherical  refacting  surface 
of  a  medium.. 

In  the  figure^  O  being  the  center  of  the  circular  section  PAP' 
of  the  spherical 
surface,  let  Q  be 
the  point  from 
which  the  inci- 
dent rays  diverge ; 
and  QP  being  any 

incident    ray,  let  \  \^ 

qP  be  the  direc- 
tion of  the  refracted  ray ;  QqOA  being  the  axis  of  the  pencil. 

Let  QA  =  u,  q'A=u,  AO=r ;  also,  drawing  Pikf  perpendicular 
to  AQy  let  AM=x,  PM=y  ;  and  f^  —  '^rx  —x^. 


Now 

QP^=QM^  +  PM^ 

=.{u-xf+y^ 

=  u^-2x{u-r) 

and 

V             u  \r     uj 

similarly 

q'P^^q'M^  +  PM^ 

^u^-^a:{u-r) 

,p=V-'^XJ-f) 
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From   the  triangles    QPO,   q'PO,   we   have,   as   in   Art.   44, 
Part  I., 

q'O  _Q0 
^'  q'P~QP 

fx,(u'—r) _  u—r 


or 


V  u    \r      u  /  V  u  \r     uj 


whence 

-i  i 

u      r     \r     u/\         u  \r     u/i\         u  \r     u/^ 

If  we  neglect  the  terms  involving  x,  we  have  the  first  approxi- 
mation 

u\         r        u 

and  if  we  substitute  this  value  of  v!  in  the  term  with  Xy  we  shall 
have  a  more  correct  value  of  u  ;  and  substituting  the  last  found 
value  again  in  the  small  term,  we  shall  have  a  still  more  correct 
value  of  u\  and  so  onwards  until  any  required  accuracy  is 
attained. 

When  X  is  small,  we  obtain  a  more  convenient  expression  by 
extracting  the  roots  as  far  as  the  first  power  of  x,  and  have 

fj^  _fx^—i    1    /i_i\r^/i_l\_^/i ^\\ 

Wj^~    r        u     \r     u)\u\r     u)     u'  \r      u/j 
u         \r     uJ    ^u     \i?\    r        u/j 


.^■ 


ja-1     1      xr{[j.-l)/l     1 


+  - 


[j.^        \r 


1V//.  +  1    i\ 

u)    \    u        r) 


This  expression  might  be  deduced  from  that  of  the  last  article 
by  putting  —r  for  r,  and  —ii  for  u\ 

For  the  aberration,  taking  u\  the  first  approximate  value  of  u, 
we  see  that  -^  is  greater  or  less  than  -^  ,  therefore  u'  is  greater  or 
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less  than  u\,  or  the  first  approximate  focus  q\  in  the  figure  lies 
nearer  to  or  further  from  A  than  q',  according  as  the  sign  of  the 
last  factor  in  the  small  term  is  positive  or  negative. 

The  aberration  =u  —  u\  =  -^-^  | -^ —  -^  i 

I  '(- )  nearly. 

r     u/    \    u        rj  "^ 


^3 


We  see  that  there  are  cases  of  no  aberration  for  a  diverging 
pencil  incident  on  a  concave  refracting  surface,  as  shewn  in 
Art.  39,  Part  I.,  and  the  aberration  changes  sign  as  Q  passes 
through  the  more  distant  of  the  aplanatic  positions. 

The  other  cases  for  pencils  of  converging  rays,  may  be  inves- 
tigated in  the  same  manner,  or  the  results  may  be  deduced  from 
the  previous  ones  by  changing  the  signs  of  lines  when  they  are  to 
be  measured  in  the  contrary  direction  to  that  in  the  given  case ; 
as  for  instance, 


Case  2.  When  the 
incident  pencil  con- 
verges to  the  point 
Q  in  the  annexed  fi- 
gures, we  find,  by 
taking  u  negative  in 


y-l£ 


the  preceding  expression, 

-f.  _^-l    1    ^r(f.-l)/l    ly/^  +  i  ^  1\ 
v!        r        u  [/.^       \r     uj  \   u        r) 

which  applies  to  the  upper  figure  when  -  > ,  and  thence  q^ 

U  I 


78 


OPTICS. 


falls  on  the  same  side  of  A  with  Q ;  and  to  the  lower  figure  when 

-  < and  a'  falls  on  the  opposite  side  of  A  from  Q. 

u         r  ^  rr 

The  aberration  is  measured  in  the  first  figure  from  A  and  in 
the  second  towards  Aj  from  the  first  approximate  focus  q\. 

Art.  33.  To  explain  the  change  in  the  aberration  when  a 
pencil  passes  at  a  small  obliquity  through  a  circular  aperture  of  a 
spherical  refracting  surface. 

Let  BAB'  be  the  section  of  the  circular  aperture  by  the  plane  of 
the  paper ;  A  being  its  center,  and  0  the  center  of  the  curvature. 


Then  OAQ  is  the  axis  of  the  refracting  surface;  and  if  a  pencil 
diverges  from  a  point  as  (/,  out  of  OQ,  the  line  Q'A'Oq  which 
enters  the  medium  without  deviation,  may  be  considered  the  axis 
of  the  pencil.  If  q\  be  the  first  approximate  focus,  q'  the  point 
where  the  ray  refracted  at  the  edge  B  of  the  aperture  meets  q\A' ; 
and  q''  the  point  where  that  refracted  at  the  edge  B'  meets  it ;  we 
shall  have  q\q"  greater  than  q\qi  and  the  sections  of  the  pencil 
near  these  points  will  not  be  symmetrical,  but  will  produce  figures 
analogous  to  the  corresponding  ones  in  mirrors  as  discussed  in 
Art.  13. 

Efi'ects  of  a  corresponding  nature  will  arise  in  oblique  refraction 
at  concave  surfaces. 

Art.  34.  Prop.  To  find  the  form  of  the  refracted  pencil 
when  a  diverging  pencil  is  incident  directly  on  a  double  convex 
thin  lens ;  and  to  find  the  aberration  of  a  given  ray. 

Let  QABq  be  the  axis  of  the  pencil  incident  directly  on  the 
lens;  let    QP   be   another   ray  of  the  incident   pencil   which  is 
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refracted  at  the  first  surface  in  the  direction  PRq',  and  at  the 
second  surface  in  the  direction  Rq, 


Let  AB=  thickness  of  the  lens  =t ;  QA=u;  Aq'=u\-  Bq=v; 
let  also  r=  radius  of  the  first  surface,  s=  that  of  the  second; 
x=AM,  x=BN,  PM=y. 

From  Art.  31,  we  have, 


u  ju,^       \r     u/  \    u        rj 


Considering  the  rays  to  pass  in  the  contrary  direction,  diverging 
from  qj  we  have  from  the  second  Case  of  Art.  31, 


Bq' 


- — T— ~~^  nearly,  since  t  is  small. 


u       u 


Aq'^t 

^-1    i^a^-^(^-i)/i   ly/^+i   i\ 

S         V  jX^         \s     v)\    V         s) 


Adding  this  latter  expression  to  the  former,  and  substituting  the 
first  approximate  value  of  u  in  the  term  containing  t,  we  find, 

\t?       \r     u)  \    u        r)  \t?       \s     v)  \    V        s) 


+  • 


Since  PM  and  RN  are  very  nearly  equal  in  a  thin  lens,  we  have 
y2 = 2rx —00^  =  2sx  —  x^  very  nearly, 
X  and  x'  being  very  small,  we  have 

rx  ■=  sx  very  nearly ; 

therefore,  if  we  put  ^=(]x— 1)|-  +  -}'  we  have. 
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V  f     u      fi\    r         u)  fjp        {\r     u/  \    u        r/      \s     v/  \    v        sj } 

If  we  put  a?r=-^  nearly,  we  have  the  second  approximation  in 
the  following  form ; 

V  f      u      iJi\    r         u)  2/i^       \\r     u)  \    u       rl      \s     v)  \    v        sJ } 

The  first  approximate  value  of  v  being  substituted  in  the  small 
term  of  the  above  expressions,  a  more  correct  value  will  be 
obtained ;  and  by  successive  substitutions,  still  more  correct 
values. 

Again,  to  find  the  value  of  the  aberration,  let  Vj  be  the  first 
approximate  value  of  v,  or 

Vi     f    u    i\    r       u) 
we  have  the  longitudinal  aberration     =v-^—v 

Or,  from  the  above  expressions  we  have, 

..-„=tefcl){(l.l)-f-±l.l).(i.l)'(e±i,i)} 

The  values  of  this  expression  will  change  with  u,  r,  and  s,  and 
values  of  r  and  s  can  be  found,  which  will  give  a  minimum  aberra- 
tion for  given  values  of  xri  =-^  nearly],  jw.,  /  and  u;  as  will  be 
found  in  the  next  article. 

Art.  35.  Prop.  To  find  the  form  of  the  lens  for  which  the 
aberration  of  a  given  direct  pencil  is  a  minimum ;  and  to  find  the 
positions  of  the  foci  when  the  aberration  of  a  given  lens  is  a 
minimum. 
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In  the  last  article  we  found  the  general  expression  for  the 
aberration  to  be 

whichj  putting  A  for  the  expression  between  the  large  brackets, 

18  -i f- ^-'A 

The  questions  of  minima  depend  on  Av^  for  a  ray  of  a  pencil 
falling  on  the  lens  at  a  given  distance  y  from  the  axis^  and  the 
expression  for  A  involves  the  reciprocals  of  the  four  quantities 
r,  s,  u,  Vf  to  three  dimensions ;  but  when  we  substitute  the  values 
of  s  and  v^  in  terms  of  r,  f,  and  u,  the  second  term  contains  the 
quantities  of  the  first  term,  but  affected  with  the  negative  sign,  so 
that  the  highest  powers  go  out  and  leave  an  equation   of  two 

dimensions  only,  in  -  and  -  . 
For  substitution  we  have, 

11  1 

which  give 

{f,-l)fu^-^  (f^-l)fr^-^  {l,-\)fru       (fi-l)V%      {li-l?Pr  "^  {li-ifP 

This  expression  is  homogeneous  in  u^  r,  and  /,  and  if  we  put 
mu=f,  nr—f;  after  multiplying  up  the  factor P  we  have 

To  find  the  form  of  the  lens  which  has  the  least  possible  aber- 

G 
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ration  for  given  values  of  f  and  w,  we  must  equate  to  zero  the 

^(2/^  +  1) 


dA 

differential  coefficient  -=—  ,  or  we  have 
dn 


0=2(ix  +  2)/i+4(ix  +  l)m- 


V- 


whence        n^^^^^f^^^  j^^-^^m 

and  n  being  calculated  for  given  values  of  \k  and  tw,  we  have  r  and 
s  as  required. 

To  find  the  positions  of  the  foci  when  the  aberration  is  a  mini- 
mum or  maximum  negative  for  a  given  lens,  we  must  have 

d{Av^) 


dv^ 


=0 


or 

but 

and 


2^Vi  +  V-^=0 

Vi    /     «*~    / 
dv^  ^      / 
c?m"~(l-w)2 

.-.       2^  +  (l-m)^=0 

which  gives  a  simple  equation  in  m  as  follows, 

27^[4f^-l)-l](/.-l)(^  +  2)  +  Ml+2^-^^) 

(|00- 1)  [4/1(^2- 1) -f  3//,(/;.- 1) -4] 

from  which  we  can  calculate  the  value  of  m  when  n  and  /^  are 
given ;  and  then  also  the  magnitude  of  this  minimum  aberration. 

Ex.  1.     Required  the  form  of  the  lens  of  least  aberration  for 

3 

parallel  incident  rays,  when  ix=-  . 

<v 

Taking  the  formula  „= -i^^+i)      _?i^U 
/i(/x,  +  2)(|u,  — 1)        iot4-2 
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we  have^ 
and 

and 
or 


=  0     since  the  incident  rays  are  parallel, 
12 

7    . 
5=6r 


This  is  the  form  of  the 
lens   long   known  to  the 
practical  opticians   under  _, 
the  name   of  the  crossed 
lens,  as  in  the  figure. 


Ex.  2.     Required  the  best  form  of  a  lens  when  the  emergent 
rays  are  parallel,  or  when  m=/. 


We  have  now 

m  =  l     since     u^f 

and 

12     10     2 

••• 

r=|/and.=J/ 

or,  the  lens  is  the  same  in  form  as  in  the  previous  example,  but 
with  the  less  curved  side  to  the  incident  rays. 

Ex.  3.  To  find  the  value  of  the  refractive  index  when  the 
radius  of  the  first  surface  taken  equal  to  the  focal  length  gives  the 
best  form  of  a  lens,  for  parallel  incident  rays. 


We  have  now     w=0,   and  7^=1  . 
Substituting  these  in  the  equation 

0=2(iu,  +  2)7j  +  4(it;(,4-l)m- 


^-1 


we  find  |ot=4,  but  there  is  no  substance  known  with  this  refractive 
power. 

G  2 


84  OPTICS. 

Ex.  4.     To  find  the  value  of  the  refractive  index  when  the 
plano-convex  is  the  best  form  of  a  lens,  for  parallel  incident  rays. 

We  have  now        m=0    and    n=0 
and  the  above  equation  gives 

1 

which  is  impossible,  since  the  least  value  of  jw.  must  exceed  unity 
when  rays  from  a  vacuum  enter  a  dense  medium. 

Ex.  5.     To  find  the  refractive  index  when  the  convexo-plane  is 
the  best  form  of  a  lens,  for  parallel  incident  rays. 

We  have  w=0  and  -= — -. — ^^^^—-^—0  since  s=  oo 
_    1        • 

and  these  substituted  in  the  above  equation  give 

ix=1.686    and    |x= -1.186 

The  first  is  the  refractive  index  of  some  of  the  denser  glasses,  and 
the  latter  is  impossible. 

Ex.  6.     To  find  the  positions  of  the  conjugate  foci  when  the 
longitudinal  aberration  of  an  equi-convex  lens  is  a  minimum. 

With  i^=o  ,  we  have  now  n=l 

.  2/.K^-l)-l](^-l)(^  +  2)+^(l-f2/.-^^) 

(^-l)[M^2_l)+3M^-l)-4] 

■"      13 

and       u='-—f,v=^f 

— "~    ^ 


or  the  incident  pencil  con-  Q,  ~^~~~--~-^^_?^ 

verges  to  Q,   as  in  the  fi- 
gure. 
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Ex.  7.     To  find  the  positions  of  tlie  conjugate  foci  when  the 
longitudinal  aberration  of  the  crossed-lens  is  a  minimum. 


We  have  now 
and 


n=-=- ,  which  gives    m= 


191  _191  . 


or  the  incident  pencil  converges  as  in  the  figure. 


191 


Ex.  8.     To  find  the  positions  of  the  conjugate  foci  when  the 
longitudinal  aberration  of  the  convexo-plane  lens  is  a  minimum. 


We  have  now  n=2,  which  gives  m=  —  ^r 

11/.      ^         11^ 

/.      «=-y/and  i?=jg/ 

and  the  conjugate  foci  are  situated  as  in  the  figure. 


Ex.  9.     To  find  the  positions  of  the  conjugate  foci  when  the 
longitudinal  aberration  of  a  plano-convex  lens  is  a  minimum. 

We  have  now  n=Oj  which  gives  m=3 
.\       M=^and2;=-g/ 

and  the  incident  pencil  is  now 
strongly  divergent,  as  in  the  fi- 
gure. 


86 


OPTICS. 


The  following  is  a  table  of  the  coefficients  in  the  aberrations  of 
the  different  forms  of  lenses   for  parallel  incident  rays,   when 

3 
^=2- 


Species  of  Lens. 

Values  of  r  and  » 
in  terms  of/. 

Value  of 
A. 

Coefficient 
of  ^r 

or  y«. 

Plano-convex      .     .     . 
Convexo-plane    .     .     . 
Equi-convex  .... 
Crossed-lens  .... 
Crossed-lens  inverted   . 

r=f,       s=f 

1  ,            7  . 

81 
2/3 

21 

2/3 
15 

f 

135 

14/3 

435 

14/3 

9 

/ 
7 

3/ 
10 

3/ 
15 

7/ 
145 
21/ 

When  rays  fall  on  the  different  forms  of  lenses  at  equal  distances 
from  the  axes^  we  have  the  ratios  of  the  aberrations  by  comparing 
the  values  of  A ;  thus  the  aberration  in  the  plano-convex  is  nearly 
four  times  that  of  the  convexo-plane  lens. 

If  we  take  the  second  approximation  by  putting  -^  for  xr,  we 
find,  as  in  Art.  9,  the  radius  of  the  least  circle  of  aberration 

and  its  distance  from  the  first  approximate  focus 

=4(^1-^) 

^3   v,Y{l^-\)^^ 
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Art.  36.  Prop.  To  find  the  form  of  the  refracted  pencil 
when  a  diverging  pencil  is  incident  directly  on  a  double  concave 
thin  lens ;  and  to  find  the  aherration  of  a  given  ray. 

Let  QqAB  be  the  axis  of  the  lens,  and  the  direction  of  the  ray 
which  falling  perpendicularly  on  both  surfaces,  emerges  without 


deviation.  Let  Q  be  the  focus  of  the  incident  rays ;  q'  that  of  the 
refracted  rays  within  the  lens ;  and  q  the  virtual  focus  of  the  emer-. 
gent  rays. 

Let  AB=  thickness  of  the  lens,  which  is  small,  =/;  let  QA  =  u, 
q'A=u%  qB=v ;  r  and  s  the  radii  of  the  first  and  second  surfaces 
respectively,  also  w  x  and  y  as  in  Art.  34. 


By  Art.  32  we  have 


u  \f?       \r     u)\    u       r) 


Considering  the  pencil  to  fall  upon  the  lens  in  the  contrary 
direction  converging  to  g,  we  have  from  the  second  case  of 
Art.  32, 

li.       fi,-\     1     xs[ii.-\)(\  ,  IV/i^  +  l     1 


Bq 


V  /X^         \S       v)  \     V  8/ 


U+t 


Adding  to   the   former    equation    and    substituting  the    first 
approximate  value  of  u  in  the  term  with  t,  we  find, 
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-'-^{"(i-iK^-D-'-'e^yc-ii^)} 

Also  the  distances  of  P  and  R  from  the  axis  being  very  nearly  the 
same,  we  have,         tp" = ^rx — a?^  =  ^sx' — x"^ 

sx-=.rx  nearly 

and  putting /for  the  principal  focal  length,  we  have 

-4^'{(H)"(^-i)-eH)"e-^-i)} 

putting  y^=^2rx  we  have  the  second  approximation 

which  we  should  have  deduced  from  the  corresponding  expression 
in  Art.  34,  by  changing  the  signs  of  r,  s  and  v. 

Putting  v^  for  the  first  approximate  value  of  v,  we  have,  the  aber- 
ration =?;,—t;=t;,  v( I 

2j«,2        l-Vr     t^/  \r        u    /     \s     v/\s        v    )] 
which  is  to  be  measured  towards  A  nearer  than  the  first  approxi- 
mate focus  o'l,  since  —  is  less  than  -  ,  or  v,  greater  than  v. 

The  other  cases  of  convex  and  concave  lenses  may  be  investi- 
gated directly  in  the  same  way  as  the  above,  or  the  results  may  be 
obtained  from  any  given  formula  taken  as  the  standard  case, 
by  changing  the  signs  of  the  lines  which  fall  in  a  contrary  direc- 
tion to  what  they  do  in  that  case. 
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Art.  37.  Prop.  To  investigate  the  forms  of  the  lenses  for 
which  the  aberration  vanishes  at  certain  positions  of  the  conjugate 
foci. 

In  order  that  the  aberration  may  vanish,  we  must  have  the 
quantity  A  of  Art.  35  equal  to  zero,  or 

which  being  solved,  gives  us  the  two  values  of  m  in  the  following 
expression, 

2(/.-l)(3/i  +  2) 

but  in  order  that  m  may  be  real,  we  must  have  the  quantity  under 
the  radical  sign  equal  to  or  greater  than  zero,  or 

4(ix-l)V-4(it;t-l)n-(3/;^H2/^-l)=or>  0 


1+  \/a(3a  +  2) 

or  n=ov>    —^,       C,      ^ 

2(^-1) 

If  we  take  ]"'  =  „  this  expression  gives  us, 

w=or>  1+3.12, 
or  w=or>4.12  and  —2.12 

Substituting  ?i=4.12  in  the  above  expression  for  m  we  have 
m=— 1.9 

and  u  —  —  =  —^^ 

m  1.9 

Or,  Q  falls  on  the  opposite  side  of  the  lens  to  that  in  the  figure  of 
Art.  34,  and  the  incident  pencil  is  strongly  convergent. 

Also  1=1-1 

V     f     u 

_2.9 

~/ 
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For  the  form  of  the  lens  we  have 

n 

_    / 
4.12 

1 

1 

] 

5~(^ 

-1)/ 

r 

2 

4.12 

"/ 

/ 
2.12 

~ 

/ 

.-.     s=  — 

/ 
2.12 

These  data  give  a  meniscus  lens  and  Q,  q  the  conjugate  foci,  as 
in  the  figure,  drawn  for  a  focal  length  of  three  inches. 


-   -ST 


Again  substituting  7i=  —2.12  in  the  expression  for  m  we  have 
w=2.9 


and 


__f  _  f 
"""^-2.9 

71  ~     2.12 


s= 


f 


4.12 


This  is  the  same  lens  as  before,  with  the  concave  surface  towards 
the  incident  light,  which  diverges  from  q^  and  is  refracted  diverg- 
ing accurately  from  the  virtual  focus  Q. 

The  values  of  m  will  be  real  for  all  values  of  n  positive  or 
negative  respectively,  greater  than  the  above ;  but  for  such  lenses 
m  will  have  two  values  which  give  A  =  Oj  and  between  these  the 
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aberration  changes  sign.  It  is  useful  to  examine  a  case  amongst 
the  forms  of  lenses  which  have  this  property  of  two  aplanatic  foci, 
with  the  aberration  changing  sign  as  the  geometrical  focus  of 
the  refracted  pencil  passes  from  one  side  to  the  other  of  these 
points. 


Letw 

=  6, 

we 

:  have. 

r— g-,     S-- 

f 
"4 

also  for 

A  = 

=0 

we  find 

m=- 

-2.44  and  m  = 

-4.25 

And  again,  if  we  put  this  value  of  n  in  the  expression  of  Art.  35 
for  the  aberration  a  minimum,  (which  is  here  a  negative  maximum) 
we  find, 

m=-3.16 
which  lies  between  the  above. 

The  figures  shew  the  form  of  the  lens  when  of  3  inches  focus. 


fto       a..   ^  ^ 


and  the  positions  of  the  conjugate  foci,  which  for  the   sake  of 
distinctness  are  marked  on  dificrent  figures;  Q^  and  q^  marking 


0  0 


Tr>.% 


the  aplanatic  foci,  and  Q^  q^  those  at  the  negative  maximum 
aberration. 

We  see  that  as  n  is  larger  the  meniscus  becomes  deeper,  and 
the  aplanatic  foci  more  separated.  In  all  the  cases  of  a  positive 
focal  length,  whether  n  be  positive  or  negative,  the  lens   is   a 
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meniscus,  and  the  incident  and  emergent  pencils  have  their  conju- 
gate aplanatic  foci  on  the  concave  side  of  the  lens. 

Again,  let  /  be  negative,  or  the  lens  essentially  concave,  for 
a  single  aplanatic  focus  we  have  as  before  7^=4.12,  and  w=  —2.12 
which  give, 

4.12  '  2-4.12      2.12 

^"^^  '''"^::2l2^2J2   '      ^^  2  +  2.12  =  4J2 

or  the  two  values  of  n  give  the  same  concavo-convex  lens,  but 
turned  the  reverse  ways  to  the  incident  light ;  the  two  correspond- 
ing values  of  m  are  m=  — 1.9  and  m=2.9  as  before 

and  u  =  —^  =  -~r.    also -=-Tr —  generally. 

m       1.9  V     f     u  ^  ^ 


V 


"«+/-      2.9 


That  is,  in  the  first  position  of  the  lens,  we  have  the  incident 
pencil  strongly 
divergent,     as 
well  as  the  re- 
fracted pencil,  1(  ^ — ^     <^.  1^1 

the     positions 

of  the  lens  and 

conjugate  foci 

being  as  in  the  figure,  which  is  drawn  for  a  focal  length  of  three 

inches. 

In  the  second  position,  we  have  the  convex  surface  turned 
towards  the  incident  rays,  which  converging  to  q  are  refracted 
accurately  converging  to  Q. 

With  greater  positive  and  negative  values  of  n,  we  have  deeper 
concavo-convex  lenses  with  each  two  aplanatic  foci,  and  the  aberra- 
tion changes  sign  as  the  focus  of  the  refracted  pencil  passes  from 
one  side  to  the  other  of  those  points. 

These  being  the  only  cases  in  which  the  term  which  gives  the 


ON   PLANE   AND   CURVED    SURFACES. 


93 


aberration  can  change  sign,  and  as  we  have  generally  for  convex 
lenses, 

therefore,  when  v^  and  v  are  positive 

1      1 
->  — 


or 


sured  towards  the  lens. 


v<Vi      and  the   aberration  is  mea- 


When  Vi  and  v  are  negative,  or  the  image  virtual 


and 


or 


1      1 

+  -<  — 


sured  Jrom  the  lens. 


v>Vi     and  the   aberration  is   mea- 


Art.  38.  Prop.  To  find  the  aberration  of  a  spherical  refract- 
ing surface  when  the  pencil  is  so  large  that  the  second  approxima- 
tion is  not  sufficiently  accurate. 

Referring  to  Art.  31,  and  using  the  same  figure  and  letters,  or 


QA=u ,     qA=u 

OA=r ,    AM=x ,     PM=y 

we  have  the  fundamental  equation 

QO  _        qO 

QP"^'  q'P 


(1) 
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and  QP=u  A/l  +  2.2?-(i4--) 

V  u\r     u) 

^  V  u\r     u  / 

r/1     1\       ,         r /I      1  \ 
For  convenience,  put  jsr = 2^  -( -  H — ),    ^  =  2;r— ( r ) 


we  have 


substituting  in  (1) 

ix,{u—r)  11  + r 


or 


=^-(r+5)(l-2  +  ^-T6+H(l-2-T-T6-^<=-) 

rw\rM/  12         4  8  J 

From  this  the  second  approximation  is  obtained  as  in  Art.  31, 
by  neglecting  terms  with  powers  and  products  of  z  and  z'  above 
the  first : 


or 


^^^--1     1  ^   ^rjfj^^l)/!  ^lY//.+  l^l\ 
u         r        u  uJ^       \r     u)  \    u       r) 


For  the  third  approximation,  retaining  all  the  terms  with  aP',  we 
have 


u  \r      u  / 
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_2arr[JL  —  l      1 

"~  jx^  L    r        u 

,^(ui)'e-±'.i)][i-=^(i.i)(^4)] 

x(l+l) 

fjJ^  \r     u/\    r        u) 


+ 


and    ^2= — — I — I — )(!- )    asfarasa?^ 

./=?f?-(l +1)  X  2^(1^.  l)(^_l\  as  far  as  ^ 

ju,%  \r     u)  \    r        u) 
Substituting  these  values  we  have 

w'""    r        u'^\r'^u)\     2  4  8         J 

"^  2/;(,^\    r        u)\    r  u     )] 

If  we  put  u\  the  first  approximate  value  of  u,  we  have  the 
aberration  =  u\—u  =^  u/ u  \  — — -h  which  must  contain  all  the 
terms  with  x^. 
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Art.  39.  Prop.  A  diverging  pencil  of  rays  falling  on  a 
double  convex  lens,  required  the  form  of  the  emergent  pencil  to 
a  third  approximation,  and  the  aberration. 

Using  tlie  figure  and  notation  of  Art.  34,  where  QABqq  is 
the  axis  of  the  lens  and  the  direction  of  the  ray  which  has  no 


2^-- 


deviation;  let  QP  be  another  ray  refracted  in  PRq  within  the 
lens,  and  finally  emergent  in  the  direction  Rq. 

By  the  last  proposition  we  have 
u         r       u  u,^     \r     u/  \    u        r/ 


\r     uj    I    iiJ^  \    u       r'\    r        u/     2w- 

1   //.-I     1\/^~1      2^^  +  l\. 
2ix^\    r        u)\    r  u      )] 

or,  putting  B  for  the  part  of  the   last  term  within   the   large 
brackets, 

u         r        u  fj.''     \r     u/  \    u        r/  \r     uJ 

Now,  supposing  the  lens  very  thin,  and  the  rays  qB,  qR  to  fall 
upon  the  lens,  diverging  from  q,  and  to  be  refracted  diverging 
from  q,  we  have 

_ii=fi^_l+,';ii:rl)(i+iy(Hil+i)+yv(i+iyir, 

U  S  V  [X-^      \S       V/  \     V  s/  \s      v/ 

where  B'  is  formed  by  putting  s  for  r  and  v  for  u  in  the  expression 
for  5. 
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Adding  to  the  former  we  have 

V     ^^       \r     sj     u  li}    \r     uJ  \    u        rj 

^  IJ?     \s      vj  \     V  sJ 

\r     u)  \s     vf 

In  this  expression  we  must  use  the  first  approximate  value  of  v, 
say  v^,  in  the  term  with  x^-,  but  we  must  use  the  second  approxi- 
mate value  in  the  term  with  x ,  since  we  retain  all  terms  of  the 
order  x"- ;  also  the  lens  being  thin,  we  have  the  ordinates  RN  and 
PM  equal,  very  nearly, 

y^  —  %rx—x^  —  ^sx—x"^ 
or  x's  —  xr-\-  - — 


XT 

and  X  ^ —  nearly,  as  used  for  the  second  approximation, 

s 

.-.       ■^'^=^^  +  -2-(-^-j  =  -^^  +  ^(^-72-j  very  nearly. 

This  value  of  xs  we  must  use,  since  we  retain  terms  with  x^ ; 
but  we  must  use  in  the  last  term  x'^s'^=xh'^j  for  our  third  approxi- 
mation. Now  for  the  second  approximation  we  have,  as  in 
Art.  34, 

V  '\r     s/     u  jx^       l\r     u/  \    u       r ) 

or  putting  A  for  the  quantity  between  the  large  brackets,  as  in 
Art.  35,  we  have, 

-==  ix-1  (-4--) ^-^^ A 

V  \r     u/     u  a^ 


^  1    ^   xrJiM-l)  ^^ 
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Substituting  this  value,  and  the  value  of  afs  above,  in  the  former 
equation,  we  have  for  the  third  approximation, 

V     ^         '\r     sj     u  ju.^       \r     u/  \    u        rj 

and  the  aberration  to  a  third  approximation  is 

in  which  we  must  retain  all  the  terms  containing  x^, 

1      1       xr{u.  —  \\ 
Now  -= — I ^^-g — -Ay  to  the  second  approximation 

and         .-.     vv^=.v^(\-'^''^^~^^  Av^ 

and  the  aberration  =^^—1;,  by  putting  C  for  the  coefficient  of  x^r^, 
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Art.  40.     Prop.     To  transform   the   expression  for  —^  into 
another  with  the  quantities  of  Art.  35. 

As  in  Art.  35  we  have    mu=f ,    nr=f 

\  _m      \  _n 
•*•       ~^~7'r-f 

v^f    u~    f 
\_      1  1_1/    1 \ 

s    (^-1)/    r  yV-1     / 

These  give,  as  in  Art.  35, 

and  also  for  the  quantities  B  and  B> ,  first  used  in  the  last  article, 
the  following  values 

\iJ^    \    u        r/\    r        uj     2u^ 

1  /^-i    iV/x-i    V+l\ 

1^-1(1^  +  1     l\/i-l^2\       3 

1  /^-i    i\/f^-i    v+i\ 

2f<,*\    «        vj\    s  vj     J 

+         2(^-1)        i 
h2 
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and  substituting  in  the  same  manner  in  the  other  coefficients, 
we  have 

or,  now  substituting  for  S  its  value,  we  have 

+(;r^-(»+»)yx 

we  see  that  m  and  ?i  occur  to  the  fourth  power,  when  we  have  the 
value  of  -  to  the  third  approximation;  whilst  to  the  second 
approximation,  as  in  Art.  35,  they  rise  only  to  the  second  power. 

Art.  41.  Prop.  To  find  the  'primary  and  secondary  foci 
when  a  small  pencil  of  diverging  rays  is  incident  obliquely  on  a 
convex  spherical  refracting  surface. 

Let  Q  be  the  point  from  which  the  incident  pencil  diverges, 
QE  the  axis  of  the  pencil,  and  QF  another  ray  indefinitely  near 
to  it. 

Let  the  refracted  rays  Eq^q^^  Fq\  intersect  in  q\  the  primary 
focus;  and  let  the  refracted  ray  Eq\q\  meet  the  line   QAOq\, 
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passing  through  the  center  of  curvature  0,  in  q^  the  secondary 
focus. 


Let  r  =  radius  of  the  surface  =  OA  or  OE,  u=  QE,  u\=q\Ej 
u^j=^q^E.  From  E  draw  Em  perpendicular  to  QF,  and  from  F 
draw  Fn  perpendicular  to  q^^  then  i  and  %  being  the  angles  of 
incidence  and  refraction, 

Fm = increment  of  w  =     du 
En = decrement  of  u\  =  —  du\ 

and  ultimately      En  —  EF  cos.  FEn  =  EF  sin.  i 
Fm  =  EF  sin.  FEm  =  EF  sin.  i 
du=  —iudu\ 

Joining  q\  and  O,  we  have 

in  the  triangle  q\ OE,    q\ 0^  =  q\E'^  +0E^-2.  q{E .  OE  cos.  OEq\ 

=  u-^  +  r^ — 2rM'i  COS.  i 
andin  triangle  QOE,      Q0'^=  QE^-h  0E'--2  .  QE .  OE  cos.  QEO 

=  z*2  +  r^  4-  2ur  cos.  i 

Now  QO  and  q\  O  are  constant  whilst  u,  u\,  i  and  t  vary  from 
the  point  E  to  the  point  F,  therefore  differentiating,  we  have 

0 = u\  du\  —  rcos.i.  du\  -f  ru\  sin.  i  .  dt 
0  =  u   du  +rcos. i  .du   —ru   sin. i  .di 


sm. 


rcos.  ^ 


n« 


du\ 


sin.  i  ,di  = 


u  +  r  COS.  i 
ru 
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COS    2 

But  sin.  2  =  a  sin.  i'     di  =  fx, — '—  di 

^  COS.  I 


and    du=—fj, du\  ,    hence  equating  the  values  of  sin. i . di 

.  „cos.  I   .     .,  -.,     u-\-r  COS.  i    , 

we  nave,  a'^ rsm.  ?  ai  = au 

COS.  t  ru 

m'i— rcos.  f     ,     ju,cos. i' 
—   -» ^ ciu  .  Z _ 


ru^  cos  2 

1  .  COS.  i      u, .  COS.  I      1      [X  cos.  I    cos.  i' 

or  -  + =-C : SZ . 

r        u  COS.  I       r       cos.  i        n  j 


,  a  COS 

and 


.  e'   cos.  i'_/jU,cos.  i'       \1     cos.  i  ., 

2        m'i        \   COS.  I         )r        u 


cos. 
which  gives  vl  ^  the  primary  focal  distance. 

Again,  as  in  the  previous  propositions,  we  have 

fx,q\O^QO  ixKq\0^_QO^ 

q,E        QE'        ^^  q\E'    "  QE^ 

ix"(u<^  +  r" — 2u2  r  cos.  i')  __u^+')^-\-  2ru  cos.  i 
or  7-5  —  - 

dividing  by  r^  &c. 

fj,"      [x^       2/x,-  COS.  i'  _  1       1       2  cos.  i 

subtract  -^- — ^ —  =  — ^ —  from  the  respective  sides  of  the  last 
equation,  and  we  have 

p^co^.^i       2|a^cos.  i'       ix?  _cos.^i      2cos.  i       1 

""  \f  9.  —      175        I  Z77.         r  715" 


which  are  exact  squares,  and  extracting  the  roots 

jx  cos.  i'      jOt  _  cos.  i     \ 
r  u\        r        u 

1"'  _/i"'COS.  i'       .\COS.  2       1  ,    . 

ii'g        \    COS.  i  /      7'  W 

which  gives  w'2  *^®  secondary  focal  distance. 
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If  we  make  i  and  t=0,  we  have  u\=U2,  and  the  result  is  the 
first  approximate  value,  the  expressions  we  have  investigated 
applying  only  to  very  small  pencils,  and  the  aberration  being 
neglected. 

The  case  of  a  concave  surface  and  a  small  oblique  pencil  may  be 
investigated  independently,  or  deduced  in  the  usual  manner  from 
the  above,  as  well  as  the  cases  for  converging  incident  pencils, 
and  pencils  diverging  from  points  so  near  the  lens  that  q\  and  q'^ 
fall  on  the  same  side  of  the  lens  as  Q,  when  u^  and  u^  become 
negative  in  the  above  equations. 

Art.  42.  Prop.  To  find  the  primary  and  secondary  foci, 
when  a  small  diverging  pencil  passes  obliquely  but  centrically 
through  a  thin  double  convex  lens. 

Let  Q  be  the  point  from  which  the  incident  pencil  diverges,  and 
QA'CBq^q^y  the  course  of  the  ray  which  is  the  axis  of  the  pencil, 


passing  within  the  lens  through  the  center  C ;  so  that  O  and  O' 
being  the  centers  of  the  curvatures  of  the  surfaces,  the  radii  OA' 
and  (XjB"  to  the  points  of  incidence  and  emergence  are  parallels, 
and  the  angle  of  incidence  at  A'  equals  the  angle  of  emergence  at 
B'=i  say ;  see  Art.  71,  Part  T. 


Let    QA'  =  u,    q\A'=^u\,    q\A' —  u\y    q^Bf  =  Vci^y    q^Bf  =  v^    and 
t=  thickness  of  the  lens,  t  sec.  i  —A'B^  very  nearly. 

At  the  first  refraction  we  have,  by  the  last  Art. 
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acos. e    COS. 2      /  COS. ^      ^\1     cos.  i 

: 7—  =  {  [J- :  — 1  ) 

cos.  I        Ui       V  cos.  I        jr         u 

Un        V    COS.  I  J 


COS.  i     1 
u 


At  the  second  refraction,  considering  the  pencil  to  pass  in  the 
contrary  direction,  we  have 

1  1  1       ^  sec.  i' 


Bq\         A'q\  —  tsec,t  u\         u\^ 

1  11       /sec.  i' 


and 


^^2         A'q\-t%QC.t  u'^        mV 


cos.  i'    cos.t_/  COS.  i'       \1      cos. i 
COS.  i      B'q'i  ~~  \   COS.  i        Js        v^ 

COS.  i'  COS.  z        COS.  i'     t 

=  — jX T  7 ]X r  •  -To- 
cos. I       U^              COS.  I      Ml 


ja    _  /  COS.  i'       \cos.  i      1 
yq\  ~~  \  COS.  i        )    s         Vn 


jx       fx.t  sec.  i' 

Adding  to  the  former  expressions,  we  have 

1       /  cos. i'     ,\rl     11         .     1        cos. i'       t 

=  |/^ r  — 1  )\ 1 >SeC.  Z f-/^ 2~-*   "To 

v^     \  cos.  ^        /  L  r     5  J  u       cos.''  2    w  j^ 

1       /   COS.  i'^xrlll  .1         t  sec.  /' 

=(^ r— 1  )< h-  ?COS.  Z hlW- To 

v^     V  COS.  2       /Lr^J  u     ^     u\ 

When  the  lens  is  very  thin  compared  with  the  values  of  i/^  and 
w'o  we  may  neglect  the  term  with  /,  but  otherwise  the  positions  of 
q^  and  q^^  are  affected  by  the  thickness. 

The  values  of  v^  and  v^  being  found  from  the  above  expressions, 
the  magnitude  of  the  circle  of  confusion  and  its  distance  from  the 
lens  can  be  calculated  as  in  Art.  12,  but  the  pencil  must  be 
considered  small  compared  with  the  obliquity. 


/^  .,,.-. 
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Art.  43.  Prop.  To  find  the  approximate  expressions  for  the 
primary  and  secondary  foci,  when  a  small  centrical  diverging 
pencil  passes  at  a  small  obliquity  through  a  thin  double  convex 
lens. 

The  expressions  found  in  the  last  proposition  can  be  brought  to 
approximate  forms,  when  the  obliquity  is  small,  which  are  fre- 
quently the  most  convenient  to  use. 

First,  we  have  to  reduce  the  expressions  (1)  and  (3)  of  Art.  41, 
namely, 

jU,  cos.  i'    COS.  2'_/jX  cos.  i'         \1       cos.  2 

cos.  i        u\    ~\  COS.  i         )r        u      ^  ' 

J^^/^^£0SJ^_^\C0SJ_1 

u^     \  COS.  i         J    r        u 

to  approximate  expressions  on  the  supposition  that  i  and  i'  are 
small,  and  therefore  that 

i=—  nearly 
cos.  i=l  — —  nearly 


2 

2iOo2 


cos.  i  =  1  —  —  nearly 
=  1 

Substituting  these  values  in  (1),  we  have, 

1—-^)  =(1— i^)   nearly 
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we  have 
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•2/  IX      1+4       (l-«')fl+4) 


r        u        2joo^     1    r  w       J 


(3) 


Again,  substituting  in  (2),  we  have, 


f.-l     l_^^V-l) 


u         2jxr 


(4) 


Taking  the  same  figure  and  letters  as  in  the  last  proposition,  we 
have  at  the  second  refraction 


^/.-l      1      iV-l)f^4-2     2(/^  +  l)l 


^  _P'--i   i._^^^(/^-i: 


^^'2  5  ^2  2p.5 
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But,  _-^  =  _Ji_(lsec.i')(iiy 

Substituting  the  values  of  -^  and  -^  from  (3)  and  (4)  in  the 
above,  we  have 

Vj  Vr     s)      u 

^  iV-l)f|x  +  2  ^  a()x  +  l)  ^  ft  +  2  ^  2(^  +  1)1 
2f<.^     1    »•  «  s  "i      J 

^iV-i)/ft+2^2(f.+i)yf.-i    i\i 

ju,^      \    r  u      )\    r        u)} 


or 


.*..,[i.<,-i,(ui)-uj(^-i;]} 


or 


Vi    f     u     ii\    r        u) 


2f- 


iH /i^-\     I\r2ia3  4.^_3     2/;^g-3| 
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or 


l=l_l+^(^_l)V!!0^)(i+l) 

Vc^     J     u      fji.\    r        uj  Z\h     \r     s/ 

2ju,^\    r        u)\  r  uJ 

which  give  v^  and  V2  as  required.  If  we  neglect  the  thickness 
in  the  small  terms,  we  have  for  very  thin  lenses,  the  simple 
expressions. 

Vi      f     u      i/.\    r        u)  2it.f 

'*^i      J      u     i^\    r        u]      2/// 

Making  i  =  0,  we  have  the  primary  and  secondary  foci  coinciding 
in  the  small  direct  pencil,  as  at  page  80,  Part  I. 

Art.  44.  Prop.  To  investigate  the  aberration  of  a  given  ray 
of  a  diverging  pencil  which  passes  obliquely  through  a  thin  double 
convex  lens,  in  the  plane  through  the  axis  of  the  lens  and  the  focus 
of  the  incident  rays. 

When  a  pencil  which  is  not  very  small  passes  through  a  lens 
obliquely,  the  positions  of  the  foci  are  more  conveniently  connected 


together  when  their  distances  are  measured  from  the  centers  of 
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the  curvatures  of  the  surfaces,  ,the  approximations  being  obtained 
as  in  the  case  of  direct  pencils. 

First,  for  a  single   refraction,    as   in   the  figure,   let    QO=p, 
gO=p',  OA=r,  AM=x,  PM=y,  and  i/  =  2rx-a!K 


As  in  former  propositions 

QP^     qP 

QO"  f^.q'O 

and  QP^=  Q0'-+  OP3-2  .QO.OM 


m 


•h-^H-j^) 


(p-rY 

.'.     QP=p—r-{-— —  nearly 

^  p—r  "^ 

q'P^  =  qO^+OP^-h2,  qO.  OM 

—p'^-\-r^-\-2p\r—x) 

.-.     q'P=p'  +  r—^^  nearly 

Substituting  these  values  we  have  the  fundamental  equation  (1) 
becoming  as  follows, 

p  —  r        oc    _p -{-r  X 

p       p  —  r~  \u.p        [^{p'-\-r) 

dividing  by  r,  &c., 

fj-p'     \      fJ^Jr     p     r\p—r      [^{p'-\-r)  J 

For  the  first  approximation 

1    _f^-l     1 
ixp'       ij.r      p 


no 
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and  substituting  this  first  approximate  value  of  ix,p'  in  the  small 
term  we  have 


1        a-1     1     wr     1 


l^p 


+  - 


fj^r      p     r<p  —  r 


+ 


1 


[ji.rp 


L  {i^-i)p-i^r 

ju.  — 1     1     x{(jt,  —  l)/[ji.r+p 


-\-f^r 


fji.r 


1  ^  a;{fx,-i)/fj.r+p\ 
p        fj^^r^    \p  —  r) 


(1) 


When  p  is  less  than 


ju-r 


f.-i 


,  we  have  q  on  the  same  side  of  O 


with  Qj  and  p'  being  taken  negative  is  again  given  by  the  above 
equation. 

Let  the  letters  in  the  annexed  figure,  which  are  the  same  as  in 
the  last,  refer  to  similar  points,  and  let  (J  be  the  center  of  curva- 
ture of  the  second  surface  of  which  the  radius  is  (yB'=s;  let  q 


be  the  point  where  the  emergent  ray  Fq  cuts  C/q  the  direction  of 
the  ray  which  emerges  perpendicularly  to  the  second  surface  at  B' ; 
let  q(y=q,  qO^q  and  BM'  =  x. 

At  the  first  refraction  we  have  the  expression  as  before  found, 
and  at  the  second  refraction,  we  have 


1 


JX-\        1 

^.(ia~  ^s     q 


+-^^(^)  •  •  •  (^) 


To  connect   ((0  with  qOf,  let   0(y  =  r-^s—AB=d,  and  let 
/.QOa=Q;  then 

q'(y^=.q'0^-{-  00^2  +  2  .  q'0 .  00' cos.  $ 

or  q'^  =/2  _|.  ^2  _^  2pd  cos.  $ 


Also,  $  being  supposed  small,  we  have  cos.  5  =  1 


1.2 


nearly 


or 
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'i'=p'+d-^A^  --ly (3) 


If  in  this  equation  (3)  we  substitute  the  value  of  qC/  from  (2) 
and  of/?'  from  (1)  we  have  the  relation  required  between je?^  q,  r,  s, 


and  dj  as  follows 


5         q  fji^s^      \q  —  s  J 

sq  r^      x\ii.-\)  Us^-q\^  sq  \| 


similarly 


rp  £c([x.  —  l)/{Mr+p\/  rp         V 

^     \p  —  r)\U  —  \)p  —  lJ.r) 


Substituting  these  values  in  (3),  and  using  only  the  first  ap- 
proximate values  of  p'  and  q'  in  the  small  terms,  also  putting  p\ 
and  q\  for  the  first  approximations  of  p  and  q\  which  are  known 
when  p  and  q  are  known_, 

because  p\  =  , ^ ,    q\  =  ~. ^ 

we  have 

(f^-l)q-fj.s     ^i"^""      (/?'i  +  ^)'         /^    \r'      {p-r)      "^ 

1±£)£?1 


_^y  {M  +  q)q{^ 


Taking  the  reciprocals  of  the  two  sides  of  this  equation,  and 
treating  the  small  terms  in  the  usual  approximate  manner 

l^f^-1  ,1,1         [^'.d.p\ 
q        M   ^ l^{p\+dy  i^[p\  +  df\2{p\-\-d)'^ 


l^-\(xp\^i,r+p)     xqWM-^q)\\ 
iu.    \    r''{p-r)     "^     ^{q-s)     JJ 
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"qi      '^Mi         i"-'   \\q\)  r'ip-ry   s^q-s)  ] 

In  this  expression  we  have  the  small  terms  containing  the 
quantities  x,  x'  and  9 ;  but  when  fi  and  x  (or  y  =  PM)  are 
given  then  x'  (or  y'  —'P'M)  is  known. 

If  we  make  5  =  0,  and  substitute  for  g'  its  value  v-VSy  for  jo, 
u-\-rj  and  for  c?,  r  +  s  in  a  thin  lens,  we  fall,  after  the  reductions 
upon  the  result  of  Art.  34;  and  the  above  expression  shews  us 
that  the  aberration  of  an  oblique  pencil  does  not  change  rapidly 
from  the  value  for  the  direct  pencil  whilst  5  is  very  small. 

To  find  the  value  of  the  aberration,  q^  being  the  first  approxi- 
mate value  of  qy  or 

Then  the  longitudinal  aberration,  measured  in  the  case  of  the 
figure  towards  the  lens  since  -  >  — ,  is  qi—q  =  qiH j nearly, 

gi^         [      ^Wi       .!^-^(^P\H[^r+p)x'q\^i^s  +  q,)^] 
~H'{p\  +  d)^\2(p\-^dy      /.     I    r'{p-r)     "^     s'{q,-s)     !\ 

If  we  examine  the  effect  of  the  refractions  in  other  planes,  we 
find  that  all  the  rays  falling  on  the  first  surface  at  the  same 
distance  from  A'  will  have  the  same  angle  of  incidence,  and  meet 
the  line  QOq'  in  the  same  point,  but  when  they  fall  on  the  second 
surface,  they  will  not  be  equally  distant  from  B\  nor  have  the 
same  angle  of  incidence  on  the  surface,  and  will  not  therefore  be 
refracted  again  accurately  in  a  conical  pencil :  when  0  is  very  small, 
however,  compared  with  the  value  of  x  (or  y),  the  deviation  from 
such  a  form  will  not  be  considerable. 

When  6  is  larger,  we  obtain  from  experiment  with  an  equiconvex 
lens,  by  receiving  on  a  screen  the  light  from  a  distant  luminous 
point  after  it  has  passed  through  the  lens,  and  at  different  distances, 
i\ie  figures  of  oblique  aberration  as  follows  : 
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where  F  would  generally  be  considered  the  best  focus,  the  light 
being  strongly  concentrated  at  the  head  of  the  figure,  although 
there  is  a  lengthened  coma ;  but  an  image  of  an  object  formed  by 
such  foci  is  necessarily  very  indistinct. 

With  the  same  lens  and  a  pencil,  either  direct  or  but  very  little 
oblique,  we  have  for  comparison  such  a  series,  at  different  dis- 
tances, as  the  following : 


When  the  lens  is  small  compared  with  the  obliquity ,  we  obtain 
such  figures  as  the  following  : 


where  q^  is  the  primary  focal  line,  o  the  circle  of  confusion,  and 
§'2  the  secondary  focal  line.  The  circle  of  confusion  as  a  focus  will 
give  only  indistinct  images  of  objects,  when  the  obliquity  is  con- 
siderable. 


Art.  45.     Prop.     To  put  the  expression  for  the  oblique  aber- 
ration, of  the  last  article,  into  a  form  for  application  to  particular 


cases. 
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From  the  last  article  we  have 


the  aberration 

Let  the  angles  which  the  edge  of  the  lens  subtends  at  O  and  C/ 
respectively  be  a  and  a',  and  let  I  00'q  =  (f). 

PM^  P'M'^ 

Then  generally    x=-^ — ,     ^'=""0 — nearly, 

and  for  the  upper  edge  of  the  lens  in  the  figure,  we  have 


x= 


2r 


^^(a+0)^ 

2 


also        -r— ^ —  ==  ^,?^  =  — .  nearly,     and  q\  =p\-\-d  .     ru  =  sol  . 
sin.<^     p  I     (f)  ^  i.    I- 1 

/.  the  aberration  =  ^|  ^  ,  o^  + 

2//,    V        ^      gi"   r(i?-r)  ^^     s{g—s)Jj 

For  the  lower  edge,  as  in  the  figure,  we  must  put  —  a  for  a  and 
—  cc  for  of,  whilst  $  and  <^  remain  the  same. 

For  a  pencil  of  parallel  rays  falling  obliquely  on  thin  convex 
lenses  of  difierent  forms,  we  find  the  values  of  the  aberration  for 
the  full  aperture  as  in  the  following  table. 
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A    TABLE    OF     THE    VALUES     OF     THE    OBLIQUE     ABERRATION     FOR 
DIFFERENT  FORMS  OF  CONVEX  LENSES  WITH  parallel  INCIDENT 

RAYS. 


Species  of  Lens. 

The  aberration  ;  the  upper  sign  of  the 

middle    term   referring  to   the    upper 

edge  of  the  lens  and  the  lower  sign  to 

the  lower  edge. 

Focal 
length. 

Equi-convex     .     .     . 
Crossed-lens    .     .     . 
Crossed-lens  inverted 
Plano-convex   .     .     . 
Convexo-plane      .     . 

5  .            8                  7   0 
:^a.-r   +    -u(pr     +    g^-^r 

5  0      .     9               351   , 

145  ,    ,  1007         ,  1121^ 
12  ^^"i  252  ^^^+3034^ 

9  „           9  ,              9  0 
-u-^s  ±   -^ccps    +    ^r^ 

yr  T    ^r      4-     'fr 

r 
12 

2 

r 

2s 
2r 

In  the  above  table  the  first  terms  are  the  aberration  for  a  direct 
pencil,  and  when  brought  to  the  same  form  coincide  with  the 
results  of  the  table  at  page  86. 


We  see  that  the  effect  of  obliquity  is  different  with  different  forms 
of  lenses,  and  by  the  general  expression  we  see  that  as  0  and  (p  have 
different  signs,  a  form  may  be  assigned  to  the  lens  such  that  the 
term  depending  on  the  first  powers  of  Q  and  ^  may  vanish. 

If  we  take  yp  for  the  angle  which  the  axis  of  the  oblique  pencil, 
passing  through  the  center  of  the  lens,  makes  with  the  line  00' 
the  axis  of  the  thin  lens ;  and  u  v,  as  before  used,  we  have 

sin.  cf)       V       (b  , 

-. ^  —  =  —  nearly, 

sm.  i//       5'j       4/  •' 


sin.  ^  _  u  _  Q  ■. 

sin.  ip      p       -p 


i2 
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By  the  metliod  before  used  we  find 

and  substituting  in  the  values  of  p'^  and  q\,  we  arrive  at  an 
equation 

where  a,  h  and  c  are  functions  of  i^jUjV  and  s ;  but  the  refracted 
pencil  not  being  symmetrical  with  respect  to  any  line,  it  is  unne- 
cessary to  discuss  this  expression  for  -. 

Art.  46.  Prop.  To  investigate  the  changes  in  the  oblique 
aberration  of  lenses,  arising  from  changes  in  the  position  of  the 
conjugate  foci  and  from  changes  in  the  forms  of  the  lenses. 

Taking  the  lens  double  convex  and  the  obliquity  small,  with  the 
ray  emerging  perpendicularly  to  the  second  surface  for  the  axis  of 
the  refracted  pencil,  we  must  examine  the  changes  in  the  coefficient 
of  the  first  power  of  <\>,  under  different  circumstances. 


The  term  in  the  aberration  with  fl  and  <^  is 

ju,\  2^  /I  s[q^-s)  \q^/ 


2     [xr+p 


r(p—r) 
qi^{{^-V).    (r    [J^s  +  q)      p\     fxr+p\ 


]    Jr    fj^s  +  q)      Pi     f^r+p\ 

\s's{q^-s)      q\'r(p-r)) 

and  we  have  to  examine  the  value  and  sign  of  the  coefficient 


(-' 


r   jqg  +  yi     p\^  {j^r-hp 
s's{q^-s)     q\   r{p-r) 

Putting,  as  at  page  81,  mu=f,  nr=f,  wc  have 
l_l-m 
^"    /    ^ 
q^=:s-\-v  ,  p  =  u  +  r  , 
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r_l--?i(|W,  — 1) 
s        n{[M  —  l) 


q\     u+s 

H-s  +  q^  _{fL-\-l)S'^v 

siQi—s)"  SV 

_H-  +  l  ,  1 

— ^^  — 


r{p^r)        u        r 

substituting  these  quantities  in  the  coefficient  and  reducing,  we 
find  that  the  term  in  the  aberration  will  be  greater  than,  equal  to 
or  less  than  zero,  as 

ia2-m(2/;c2-^-l)-w(ix2-l)  >  =  <0 

and  when  equal  to  zero,  we  have 

Ex.  1.  To  find  the  form  of  the  lens  such  that  the  oblique 
aberration  may  be  the  same  as  the  direct  for  parallel  incident  rays, 
or  the  above  expression  =  0. 

We  have  now  m=0  since  the  incident  rays  are  parallel, 
.-.  n=-^ — Y 

a-— i 
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and  if  ^  =  ^,  ''  =  ^  =  9-^ 

.*.  sr=9r 

This  accords  with  the  results  of  the  table,  as  we  see  that  the 
sign  of  the  coefficient  changed  in  passing  from  the  crossed  lens  to 
the  convexo-plane. 

Ex.  2.  To  find  the  positions  of  the  conjugate  foci  of  an  equi- 
convex  lens  when  the  effect  of  obliquity  vanishes. 


We  have 

now  n-- 

=  1, 

since  r-- 

=  s=/, 

&nd 

m- 

1 

"V 

■-f.-l 

if 

^  = 

3 

"2  ' 

} 

then       m  ■■ 

1 
"2 

and 

u  = 

m 

=  2f=v, 

or  the  conjugate  foci  are  at  equal  distances  from  the  lens.  When 
the  luminous  point  is  nearer  or  further  than  this  distance  from  the 
lens  the  coefficient  changes  sign. 

Ex.  3.  To  find  the  effect  of  obliquity  when  a  virtual  image  of 
a  luminous  point  is  formed  by  an  equi-convex  lens. 

We  have  now  u  less  than  /,  and  therefore  m  greater  than  unity, 
and  the  coefficient  of  (j)  is  negative,  as  it  had  been  when  the  dis- 
tance of  the  luminous  point  was  between /'and  2/*  and  the  image 
real.  The  direct  aberration  is  now,  however,  measured  from  the 
lens  beyond  the  first  approximate  focus,  as  shewn  at  page  93. 

Ex.  4.  To  find  the  form  of  the  lens  of  the  single  microscope 
such  that  the  oblique  aberration  may  be  the  same  as  the  direct,  or 
such  that  the  coefficient  of  ^  is  zero. 
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The  eye  be- 
ing   supposed        ^ 

close    to    the  ^S/1t_a 

lens,  we  have     ^VJ     ^ 
V  equal  to  the 
least    distance 

V 

of  distinct  vision  nearly;  and  if  the  magnifying  power  =  «  =  -  the 

u 


focal  length 

of  the  lens 

is  known. 

But 

_1_1     1 

v~~f    u 

1 
~      au 

and 

a 

•     m.  — 

a-1 
and  the  equation  becomes 

f.^-^  {2,.^-^-l)-»(f.^-l)=0 
•  •  "-        (f.2-l)(a-l) 

Q 

Let  a =10,  and  [J'  =  n  f  we  have 

1 

45 
and  ^-==45/,  ^^SO-^ 

and  the  lens  is  a  plano-convex  very  nearly. 

Ex.  5.  To  find  the  form  of  the  lens,  so  that  the  oblique  aber- 
ration may  be  the  same  as  the  direct  when  a  virtual  image  is 
magnified  two,  three,  and/owr  times. 
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We  have  now  to  put  a  equal  to  two,  or  three,  or  four,  in  the 

Q 

expression  of  the  last  example,  when  /^=o  • 
a-9 


Iffl!=2,  then  w=  — 


5  (a-1) 

7 


2-71 


*  =  .e— =+T^/ 


17 


and  the  lens  and  image  are  as 
in  the  figure,  drawn  to  the  scale 
y=l  inch. 


QJ 


Ifa=3,  then  w=— ^ 

n         3'' 

*-2-n-13-' 

the    lens   and  image 

being  as  in  the  figure, 

drawn  to  /=  1  inch, 
as  before. 


I 


Ifa=4,  then  /2=— - 
o 


5  =  : 


/ 


;/ 


2-7^     7' 
and  the  lens  is  a  meniscus,  but  the  first  surface  of  long  radius. 
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When  the  image  is  magnified  nine  times,  the  fii-st  surface  is 
plane. 

These  Examples  will  be  found  referred  to  in  Art.  63  in  discuss- 
ing the  forms  of  the  achromatic  lenses,  used  as  powers  for  the 
microscope. 

Art.  47.  Prop.  To  find  whether  the  coma  in  given  cases  is 
to  or  from  the  axis  of  the  lens. 

We  have  to  trace  the  effect  of  the  term  with  ac^  in  the  oblique 
aberration,  and  will  suppose  the  lens  to  be  equi-convex. 

First,  let  the  luminous  point  Q  be  distant  between  /  and  2/ 
from  the  lens,  and  therefore  the  image  real,  as  in  the  figure.  If  q^ 
be  the  first  approximate  focus,  q^q  the  aberration  for  a  direct 
pencil,  the  ray  refracted  at  the  upper  edge  of  the  lens  cuts  C/q^ 


between  q^  and  q,  because  the  term  with  a(^,  from  Examples  2  and 
3,  is  then  negative;  and  similarly  the  ray  refracted  at  the  lower 
edge  cuts  C/q^  between  0'  and  q  as  in  the  figure.  If  we  now  take 
a  section  of  the  pencil  at  c  we  have  around  that  point  a  condensed 
nucleus  of  hght,  and  a  coma  turned  towards  the  axis  of  the  lens. 

Secondly,  let  Q  be  beyond  the  distance  2/,  and  the  image  is 
still  real  as  in  the  figure.  We  have  the  term  with  u<^  producing 
an  opposite  effect  to  that  of  the  last  case,  and  as  shewn  in  the 
figure,  the  coma  is  now  turned  from  the  axis. 


122 


OPTICS. 


Thirdly,  let  Q  be  nearer  to  the  lens  than  the  focal  length  /  and 
therefore  the  image  virtual.  The  direct  aberration  q^q  is  now 
measured  a^  in  the  next  figure,  beyond  q^  and  the  term  with  ucf), 


1...-- 


:z^'^. 


as  shewn  in  Example  3,  being  negative  for  the  upper  edge  and 
positive  for  the  lower,  we  have  the  coma  in  a  section  at  c  turned 
towards  the  axis. 

Art.  48.     Prop.     To  find  the  form  of  the  pencil  which  has 
been  refracted  directly  by  a  sphere,  to  a  second  approximation. 

The  sphere  as  described  in  Arts.  75  and  82,  Part  I,  has  gene- 


rally a  limited  aperture  at  the  center.  Let  z  be  the  radius  of  this 
aperture,  and  let  y  and  y'  be  the  ordinates  at  P  and  R  respectively, 
as  in  the  figure.  Then  for  the  extreme  rays  which  pass  through 
the  aperture  we  have  z  a  mean  proportional  between  y  and  y 
nearly.     Using  the  notation  of  Art.  75,  Part  L, 

QO=p,  (fOr^q,  qO  =  q,  AO  =  r, 


we  have 


nearly 


or  using  the  first  approximate  value  of  g' 

we  have  2/  =  '2^^(^  +  -^)  =  ^^^(i-^^) 
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Also  putting  y^  —  %rx  in  the  results  of  Art.  44, 

,      ,     .      .       .              QP         q'P 
and  substituting  in  Yin" vT 

1         ^-1     1       2/3/    1      .  1        \ 

we  have r= Htt^I 1 r^r- — r) 

iu5'         jixr       jo      2r''\p—r      ij^{g  +r)  / 

]«,/•       p      2r^\p  —  r/    [/.    \p      [ji.rj 

^,.-1    1    A(f.-i)/i    lyi  ^  i\ 


Supposing  the  pencil  to  be  incident  in  the  contrary  direction, 
diverging  from  q,  we  have 

1    _/x-l     1     2V(i^-l)/l     1\/1 


=d.)_i+fV(|zil){p_l)(i+l)+(i_iy^±)| 


\Lq         i^r        g  2r 

and  adding 

1^2(^ 

as  required. 


ON  EXCENTRICAL  REFRACTION. 

In  the  preceding  Propositions  the  axis  of  the  pencil  is  supposed 
to  pass  through  or  nearly  through  the  center  of  the  lens,  and  the 
pencil  is  called  a  centrical  direct  or  oblique  pencil  accordingly; 
the  pencils  passing  through  the  object-glasses  of  telescopes  are 
always  one  or  other  of  these,  but  when  they  reach  the  eye-piece 
the  circumstances  are  changed,  and  every  pencil  except  the  direct 
one  is  then  refracted  excentrically.  We  see  how  this  arises  in  the 
passage  through  the  eye-lenses  of  telescopes  by  referring  to  the 
figures  of  Arts.  95  and  97,  Part  I.,  as  repeated  below,  and  the 
same  occurs  in  the  reflecting  telescopes  and  microscopes. 
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If  we  examine  the  figure  of  the  simple  astronomical  telescope, 
we  see  that  C  the  center  of  the  object-glass  is  a  fixed  point 
through  which  the  axis  of  every  pencil  passes;  and  the  point  e 
where  it  meets  the  axis  again  is  the  focus  conjugate  to  C  for  the 
eye-glass,  and  may  be  taken  as  also  a  fixed  point  when  the  aberra- 
tion at  the  eye-glass  can  be  neglected  or  when  the  point  q'  in  the 
image  is  near  q.  The  points  C  and  e  being  known,  the  circum- 
stances of  the  excentrical  refraction  can  be  discussed.  There  are 
again  like  points  at  C,  b,  and  e  in  the  telescope  with  the  erecting 
eye-tube,  in  the  lower  figure. 

Whenever  we  see  the  image,  real  or  virtual,  of  an  object  formed 
by  a  single  lens,  and  the  eye  is  at  some  distance  from  the  lens,  the 
vision  takes  place  by  excentrical  pencils,  as  in  the  figures,  where 


Sfe^^SiS^^^^^ 
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the  upper  one  represents  a  real  image  g-g',  seen  in  the  air,  of 
an  object  QQf ;  and  the  lower  one  a  virtual  image  qq'  of  an  object 
QQfj  seen  by  the  eye  at  e. 

Of  the  rays,  which  diverge  from  any  point  Qf  in  an  object,  fall 
upon  the  lens  and  converge  to,  or  diverge  from,  an  approximate 
focus  q'j  only  the  small  excentrical  pencil  QPP'e  enters  the  eye. 
The  place  e  of  the  optical  center  of  the  eye,  or  nearly  the  center 
of  curvature  of  the  cornea,  is  now  the  fixed  point  that  deter- 
mines the  excentrical  pencil  by  which  the  image  is  seen,  which  can 
be  determined  when  the  positions  of  the  given  lens,  the  eye  and 
the  point  Q  in  the  object  are  known. 

In  many  common  microscopes  a  diaphragm  is  placed  behind  the 
object-glass,  which  limits  the  magnitude  of  all  the  pencils  and 
causes  all  points  in  the  image  except  the  central  one  to  be  formed 
by  excentrical  pencils,  as  in  the  figure.     If  C  be  the  center  of  the 


lens,  b  the  aperture  in  the  diaphragm,  then  q  the  point  in  the 
image  conjugate  to  Q  in  the  object  will  be  formed  by  the  excen- 
trical pencil  QPP'q' ;  but  it  will  be  nearly  in  the  line  drawn  from 
Q  through  C.  In  this  case  b  is  the  fixed  point  which  determines 
the  excentrical  pencils  forming  the  image. 

Art.  49.  Prop.  To  find  the  primary  and  secondary  foci  of 
a  small  excentrical  pencil,  which  coming  from  a  given  luminous 
pointy  crosses  the  axis  of  the  lens  at  a  given  point. 

Let  Q  in  the  figures  be  the  luminous  point,  and  q^  its  approxi- 
mate real  image,  which  is  the  circle  of  least  confusion  between  g^ 
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and  q<,,  the  primary  and  secondary  foci,  and  q\  q'^  be  the  cor- 
responding foci  after  the  first  refraction. 

Let  E  be  the  point  where  the  axis  of  the  emergent  pencil  cuts 
the  axis  of  the  lens,  and  D  that  where  the  axis  of  the  incident 
pencil  cuts  it ;  QPF^q^  being  the  path  of  the  axis. 

Let  r  and  s  be  the  radii  of  the  first  and  second  surfaces  of  the 
lens  j  t  the  thickness  AA,  which  we  suppose  small  compared  with 
the  focal  length  ;  QP=iu,  q\P=u\,  §''2^=^^  9'i^'  =  ^i>  %^'  —  '^2> 
let  i  and  e  be  the  angles  of  incidence  and  emergence,  f  and  e'  the 
corresponding  angles  respectively,  within  the  lens. 


From  Art.  41  we  have 
ju,  COS.  i'  COS.  i' 


COS.  ^ 


(ju,  COS.  i'  \1     COS.  i 

COS.  i  )r        u 

i"'  _/'"'  ^^^'  *'  n\cos.  i     1 

ibc^\   cos.  i  )    r        u 


At  the  second  refraction  we  have 
jw.  cos 


c  COS.  e'  COS.  e'_/jw.  COS.  e'       \1     cos. 
COS.  e      q\P'      \  COS.  e         )s        v^ 


[J.  COS.  e 

COS.  6? 


1^ 


1 

COS. 

e 

s 

^l 

COS 

.e 

1 

/    * 


Vo 


But, 
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1      _        1        PF 

1  1       PF 


Therefore,  substituting  the  values  in  these  expressions,  we  have 
COS.  e    1 


cos.^i    1     }j..PF 


cos.*^     u        'u-^ 


\  COS.  e        ) 

cos.2  e     1  _/jU,cos.  i'       \  cos.  i     1 
COS.-  e'    Vy      \  cos.  i        )  cos.^  i     r 

,      /acos.  e'     ^\cos. e      1      /acos. z'      ^\cos.  z     1     u..PP' 

and  —V- 1) +  _=(C: , —  1) +  ^    , . 

\  cos.  e         /     s         ^2      ^    ^^^'  *  /     ^         ^         ^2 

which  give 

1  _  r  /jw,  cos.  i'       \  cos.  i    \     fix.  COS.  e'       \  cos.  e    1 
Vj      I  \  COS.  i         /  cos.^  i'  r     \  cos.  e        Jco^.^  e    s 

C0S.2  i     1 ")   cos.^  e    ^  \x. .  PF     cos.2  e' 
cos.^  /    z«  J 

!_/]«'  cos.  i'       \cos.  i      /ju,  COS.  e'     ^  \ 
Vo     \  COS.  I         /     r        \  COS.  e        / 


+  ■ 


COS.  el     ju, .  PP' 
5        w       w'o^ 


We  perceive  an  analogy  between  these  expressions  and  those 
found  in  Art.  29  for  the  passage  of  a  small  pencil  through  a 
prism,  with  which  indeed  they  coincide,  except  as  to  the  term  in- 
volving PF  the  thickness  of  the  lens  traversed,  which  is  here  only 
approximate,  when  we  make  r  and  s  infinite  for  plane  surfaces. 

If  the  lens  is  of  such  a  form  that  i  and  e  are  equal,  the  above 
are  reduced  to 

1     /x.PP'  cos.^r 


Vj      \  COS.  t         /\r     s/ 

1       /jiiCOS.  «'     -,\/l      1\         .la. 

—  =  {- : 1  )(-  +  -)cos.^ h-^—- 

v^     \  COS.  ^         J\r     s)  u         U 


VL  ^      cos.^  I 

.pr 


which  agree  with  those  for  the  centrical  pencil,  except  the  term 
with  PP\ 
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Cor.  There  is  one  simple  case  in  which  the  primary  and 
secondary  foci  are  easily  shewn  to  coincide,  and  therefore  the 
excentrical  pencils  are  as  accurate  as  the  direct  one. 

Let  the  lens  be  plano-convex,  or  r=:  infinity,  and  the  incident 
pencil  consist  of  parallel  rays,  or  m  =  infinity,  and  therefore  u\ 
and2<'2=  infinity,  let  also  the  diaphragm  be  placed  at  E  so  that  O' 
being  the  cen- 
ter of  curvature 
of  the  second 
surface,  we  have 
Aa=ii..AE; 
then  by  Art. 
28,    Part    I., 

the  axis  of  the  refracted  pencil  of  parallel  rays  will  pass  in  the 
direction  of  the  radius  C/PP^Qq,  and  the  angles  of  incidence  on 
the  second  surface  and  of  emergence  are  each  =0,  and  the  expres- 
sions above  are  reduced  to 

1       (^-1) 


v-^  s 

1  _H'-l 


the  result  of  Art.  52,  Part  I. 

Art.  50.  Prop.  To  find  the  form  of  the  lens  such  that  a 
system  of  excentrical  pencils  shall  have  the  angles  of  incidence  on 
the  first  surface  equal  to  those  of  emergence  from  the  second. 

Although  the  difference  between  the  values  of  v^  and  v^  as 
found  in  the  last  proposition  may  be  made  in  many  cases  to 
vanish,  yet  it  will  be  generally  desirable  to  know  the  form  of  the 
lens  in  which  the  confusion  of  the  excentrical  pencils  shall  not 
exceed  that  of  centrical  ones  for  the  same  angle  of  incidence. 

Let  DPP' E  be  the  course  of  the  axis  of  a  pencil  which  crosses 
the  axis  of  the  lens  at  D  and  E ;  let  O  and  0'  be  the  centers  of 
curvature  of  the  surfaces,  OP=rj  0'F  =  s,  AD  =  Cj  A'E  —  b. 

Then  OPn  being  the  radius  through  P  produced,  the  angle  of  in- 
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cidence  2=  'z  DPn^  and  similarly  the  angle  of  emergence  e=  z  EFn; 
these  are  respectively  the  exterior  angles  of  the  triangles  ODPy 
and  CTEP'.  Let  P'M'=y=PM  nearly  the  distance  of  P  or  P' 
from  the  axis  of  the  lens. 

We  have       /:  i=  z  P D0+  /i  P  0D=^-\-^    nearly 

c     r  •' 

Ae=  /LFEa+  /LP'aE=\  +  '^    

0      s 

Or  when  i=e  ,  we  have. 


1+1-1+1 

b^  s     cr 

Also 

1     1     1 

c~f    b 

Substituting, 

for  s 

and 

c,  we  have 

1       3-^      1,1 

-?+ 


r-3(f.-l)y^6 


and, 


^ 


1     1 


s     2(^-1)  /     b 


which  give  r  and  s  when  the  focal  length  of  the  lens  and  the 
place  where  the  axis  of  the  pencil  crosses  the  axis  of  the  lens  are 
known. 


Ex.  1.  Required  the  form  of  the  eye-glass  of  the  astronomical 
telescope,  so  that  the  axis  of  each  visual  pencil  shall  have  its 
angles  of  incidence  and  emergence  very  nearly  equal. 
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We  have  now  6=/ nearly,  which  gives 

s=2f 
or  the  lens  should  be  flattest  on  the  side  next  the  eye. 

Ex.  2.  Required  the  forms  of  the  lenses,  to  make  an  eye- 
piece subject  to  the  above  rule  for  each  lens,  but  in  other  respects 
similar  to  Huygens^s  eye-piece. 

The  field-glass  will  evidently  be  of  the  form  of  the  last  Example, 
2 
sayn  =  3/i,    5i  =  2/i  . 

If /*2  be  the  focal  length  of  the  eye-lens,  then  the  distance 
between  the  lenses  is  2/^  and  the  focus  of  the  field-glass  falls 
at  the  distance  fi  — 2/2=^/2  from  the  eye-glass,  and 

i=— +— =zA 
^""/a     /2~/2 

2 
.*.     we  have  from  the  formula     ^2~k/2  3  ^2—  ~~^/2 

and  the  eye-lens  will  be  a  meniscus  with  the   concave   surface 
to  the  eye. 

Art.  51.  Prop.  To  find  the  approximate  expressions  for  the 
primary  and  secondary  foci,  when  a  small  excentrical  diverging 
pencil  crosses,  with  small  obliquity,  the  axis  of  the  lens  at  a  given 
point. 

Taking  the  figures  and  notation  of  Arts.  41  and  42,  let  also  the 
angle  P'-E^'=fi=|  nearly. 
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Also  from  Art  50, 

The   approximate   expressions   for   the   refraction   at   the   first 
surface,  from  Art.  43,  are 

1^  __j^-i    1  ^iV-i)j<x+2^a(f.+i)i 

?/i        r        u         2ju,2     \     r  u       I 

/^__^-l      l^i^ifj.-!) 


u'2        r        u        2ixr 
And  at  the  second  refraction 


IX.  fx        IJ,PP' 


To  substitute  for  PP',  let  the  central  thickness  AA  =  t,  and  let 
the  direction  of  the  ray  whilst  within  the  lens  cross  the  axis  at  a 
point  D'  which  is  given  by  the  equation 


jU,      _IJJ  —  1       1 


k2 
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then       sec.  P'i)'^=l  +  ^=l+0g-^y  nearly 

and       PP'^MM'  sec.  FD'A'=(t-^-t-)  sec.  FI/A' 

\      2r      2s/ 

ft-     \    r       M/ 1    r  M      J         ' 

\m'2/       \    ^        «/  jar      \    r        w/ 

Substituting  the  values  of  these  quantities,  we  have, 

v^     ^'^        ^[r     si     u       2/x''     L    \    r  u      J 

jw.^      \    7-        w/V    r  u      /J 

1       ,         ,,fl      ll       1      a-lfi^      e2, 

-=(^-i){-+7}--+V{^-'7} 
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Or,  with  the  small  terms  expressed  with  Q, 
l  =  (,-l)jl+i|-l-Hi(^-lY+ 

-(i4)X^-*±i')} 

2i^\    r        uj\\    r        u)\r     s) 


2[j.\b 


-^ft-'-=i)'C^-i)}} 


Q^^[j.-l)  fl/l  ,  1 


■*■  2/;^ 


\r\r     c)      s\s     h)  J 

jLt^(^-\    i\/i   ^-lyi     (^-i)/i    ly^l 

If  in  these  expressions  we  suppose  t  to  be  so  small  compared 
with  r,  s,  kc,  that  we  may  omit  the  parts  of  the  small  terms 
which  contain  it,  we  have,  after  substituting  the  first  approximate 
value  of  Vi  in  the  small  term, 

Vi    /     u     fj.\    r        uJ 

jL(i+iyfi:ii_iyi 

2^\r     s/\    r        u/  j 
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1=1  ^i(^_i)V 

v^    J     u     ix\    r        uJ 

When  the  lens  is  of  such  a  form  that  the  angles  of  incidence 
and  emergence  are  equal,  the  expressions  are  reduced  to  the 
following  simple  forms, 

v^    f    u     [M\    r        u/ 

]_^i__i   t/f^-i   ly  6^z>"f/i  ^  ly 1  /i^-i   lyi 

^2~~/     u     fx,\    r        u)      2|x/[\s     b)      ju-  — 1\    r        «^/  J 


When  the  image  is  virtual,  as  in  the  case  of  a  convex  eye-lens 
and  the  eye  at  a  distance  from  the  lens,  we  have  v^  and  v^  nega- 
tive,  and  the  results   may   be   investigated  directly   or  may  be 

obtained  by  puttinar for  —  and for  —  in  the  above. 


CHAPTER  IV. 


ON  THE  FORMS  OF  THE  IMAGES  PRODUCED  BY  LENSES. 

The  preceding  Propositions  give  us  the  positions  of  the  conju- 
gate foci  when  the  position  of  the  luminous  point,  which  is  the 
origin  of  the  incident  pencil,  is  known,  and  when  the  position 
of  the  luminous  origin  is  given  in  an  algebraic  equation  which 
applies  to  all  points  in  an  object,  we  require  a  corresponding 
algebraic  equation  which  shall  in  like  manner  apply  to  all  points 
in  the  image,  and  which  shall  thus  determine  its  form.  In  very 
many  cases  we  have  given  the  form  of  an  image,  formed  by  a 
mirror  or  lens,  and  have  to  determine  the  form  of  the  secondary 
image  as  produced  by  a  lens  receiving  the  hght  from  the  first 
mirror  or  lens. 

The  focus  which  is  conjugate  to  any  luminous  point  in  an 
object,  must  be  generally  taken  the  cometa  or  figure  of  oblique 
aberration,  when  formed  by  a  centrical  pencil;  but  must  be  taken 
the  least  circle  of  confusion  if  formed  by  an  excentrical  pencil, 
when  the  obliquity  is  great  or  the  pencil  exceedingly  small.  The 
first  case  is  by  far  the  most  important  in  the  construction  of 
optical  instruments,  because  the  central  parts  of  the  field  of  view 
should  be  as  accurately  defined  as  possible;  but  when  this  is 
attained,  it  is  frequently  desirable  to  obtain  also  a  large  extent  of 
moderately  accurate  field  of  view. 

Art.  52.  Prop.  To  find  the  form  of  the  image  of  a  straight 
line  placed  directly  before  a  convex  lens. 

Taking  the  aberration  as  at  Art.  45,  page  113,  and  considering 
the  cometa  as  in  mirrors,  page  33,  to  be  situated  at  three-fourths 
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of  the  least  longitudinal  aberration  from  the   first  approximate 


focus;  also  calling  the  distance   0'q  =  p  we  have 

Putting  p^  =  OQq,  qi=(yqQi  and  p\,  q\  the  first  approximate 
values  of  y,  q'  as  before,  we  have  to  find  q—O'q  for  substitution, 
thus 


1-^-1+         1 


q       \KS       fJ-ip'  +  d)  ' 


q\=p\-\-d 


P 


rp 


,   where  p=OQ , 


(//.-l)^-^r 
then  the  lens  being  supposed  very  thin,  we  have 
P=p^  secant  $ 

and  after  substituting,  we  have  p  expressed  in  the  following  form 

p  =  q^  —  Du^+Eci(t>-F<t)^ 

Now  unless   E,  three-fourths  of  the  coefficient  of  «0  in  the 
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oblique  aberration,  vanishes  for  some  particular  case,  the  curve 
which  is  the  image  is  not  one  of  continued  curvature  at  the  axis  of 
the  lens,  but  is  formed  of  two  arcs  of  a  spiral,  meeting  at  a 
very  obtuse  angle,  similar  to  the  figure.  When  E=0,  we  have 
the  form 

and  comparing  with  the  approximate  polar  equation  of  a  circle,  as 
at  page  47,  where  we  have  the  form 

p=«-*^ — 37— 

and  a'  =  q^—Da^, 

whilst  /  is  the  radius  of  curvature  required  to  be  found,  the  curve 
being  concave  towards  O'. 

Equating  the  coefficients  of  (^^,  we  have 


r  = 


from  which  /  can  be  determined  in  any  given  case,  by  calculating 
D  and  F. 

If  the  object  be  curved,  we  have  only  to  find  the  approximate 
value  of  j9  in  a  similar  manner,  and  can  then  calculate  the  radius 
of  curvature  of  the  image  by  the  above  formula. 

Ex.  I.  To  find  the  form  of  the  image  of  the  sun  or  moon 
given  by  a  lens  of  the  form  determined  in  Ex.  1,  page  118,  when 

5 
We  have  now  r=^.f,    s  =  5f 

54 
^  =  60,    «^=^, 
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These  substituted  in  the  expression  for  the  aberration  give  us 

,      ,  .  3     ,     243    ' 

the  aberration  =-?*a^-f -^r^^ 

,  54       3/3     2  ,  243     A 

/54        9      2V 


and  the  radius  of  curvature 


54        9      ,3x243 

T^-20^'^-^-10- 


Neglecting  the  term  with  u^  as  small,  we  have 


,     216 

T  z=z r 

155 


_216     5 
"155^9-^ 
^24 
3r 


Ex.  2.  To  find  the  curvature  of  the  virtual  image  of  a  circular 
arc  concentric  with  the  first  surface,  and  therefore  nearly  a  straight 
line,  given  by  the  eye-lens  determined  in  Ex.  4,  page  119,  when 

.=45/,  .=!•/ 

45 

We  have  now         r=45/,         s  =  ^f 

_     _51  ,  _34  ,  _   r  .  56 

^-^1-50'''  P'-SS"^'       "^1-33^89 


_  r.84 
^^"5x89 


17x89' 
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which  substituted  in  the  expression  for  the  aberration,  gives  the 

,        ,.  o     19278  .     „    951426 

aberration  =  aV  •  -^  +  fr  ^^^^ 

and  the  image  being  virtual,  with  q^  negative  in  respect  of  the 
standard  case  of  Art.  45,  if  we  call  p  the  distance  from  0'  to  any 
point  in  the  virtual  image,  we  have 

3/    ,    19278     ,„   951426\ 

which  we  have  to  compare  with  the  approximate  equation  of  a 
circle  where  the  convex  part  is  towards  the  pole,  as  follows, 

equating  the  coefficients  of  <^^  and  neglecting  the  term  with  a^  as 
small  compared  with  q^  we  find  the  radius  /  of  curvature  of  the 
image  at  the  axis  of  the  lens,  thus, 

5712 


r  =r 


309535 


r  , 

=  -z-r  nearly 
54  ^ 

6-^ 


The  lens  being  of  short  focus,  the  image  is  greatly  curved,  and 
only  a  small  portion  near  the  vertex  can  be  considered  free  from 
distortion. 

The  effects  of  curvature  in  images  are  so  important  in  the  con- 
struction of  optical  instruments,  that  it  is  desirable  to  have  our 
expressions  put  into  a  general  form,  for  ready  application  to 
different  cases,  and  for  tracing  the  change  of  curvature  in  the 
image  corresponding  to  a  change  of  position  in  the  object  or 
primary  image.  When  we  have  to  consider  the  best  forms  of 
eye-pieces  for  telescopes  and  microscopes,  we  have  to  examine  the 
effects  of  curvature  in  connexion  with  aberration  and  achromatism, 
a  part  of  optics  hitherto  very  imperfectly  discussed  by  mathema- 
ticians. 
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Art.  53.  Prop.  To  investigate  a  general  expression  for  the 
curvature  of  an  image  formed  by  a  lens,  when  of  continued  cur- 
vature, the  object  or  primary  image  being  also  of  given  continued 
curvature. 

Let  r^  be  the  radius  of  curvature  of  tlie  object  supposed  to  be 
convex  towards  O  as  pole,  and  p-^  being  the  distance  of  the  point 
on  the  axis  of  the  lens,  let  p  be  the  distance  of  another  point,  we 
have  as  a  circular  arc,  the  approximate  equation  of  the  object, 
thus, 


p-pMw.^^i)'' 


where  p^  and  r^  will  have  the  same  sign  when  measured  in  the 
same  direction  from  0,  and  different  signs  when  r-^  is  measured 
from  the  object  towards  O,  or  when  it  is  concave  towards  O. 

Using  a  similar  notation  to  that  of  the  last  proposition, 
let    gi=the  value  of  q  on  the  axis,  or  when  </)=0, 

F=-7  the  coefficient  of  cb^  in  the  aberration, 

i^'  =  the  coefficient  of  (/)^  in  the  term  in  q  depending  on  the 
obliquity  and  the  form  of  the  object. 

Then,  p  being  the  distance  of  a  point  in  the  image  from  O ,  we 
have  the  form 

where  q  is  of  the  form 

q=q,  +  r<j>^ 

therefore,  substituting  and  retaining  only  the  upper  sign  for  the 
more  convenient  use  in  comparing  with  the  approximate  equation 
of  a  circle  and  in  tracing  the  direction  in  which  the  radius  of 
curvature  of  the  image  is  to  be  measured,  we  have  the  form 

p  =  q^  +  Doc^+{F-\-F)cl>^ 

and  comparing  with  the  approximate  equation  of  a  circular  arc 
convex  towards  the  pole,  as  follows, 
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=«'+<£'-^^)*^ 


where  /  is  the  radius  of  the  circle,  and  a  the  least  distance  of  the 
circle  from  the  pole,  we  have 


•■g-4)- 


F^r 


and  d=q^,  if  we  neglect  the  small  term  Da?' ; 

,  1      2F    2F'      1 

whence  —r  —  —-\- — ^ 

r       q^      q^      q^ 


Now  in  the  quantity  — ,  we  have  ol  and  /  with  the  same  sign 

when  the  arc  is  convex  to  the  pole,  but  of  different  signs  when  it 
is  concave  to  the  pole.  Therefore  if  in  any  particular  case,  we 
find  /  to  be  of  the  same  sign  as  q^y  the  image  is  convex  towards 
O'  as  pole,  but  concave  when  we  find  /  and  q^  to  be  of  different 
signs. 

Referring  to  Art.  52,  and  remembering  that  6  =  0  .^  we  have 

V  1 

^  I^XP  iQi        /^    \r{Pi-r)     s{q^-s))j 

and  since  the  term  in  the  aberration  with  <^a  vanishes,  when  the 
image  is  of  continued  curvature,  we  have  from  Art.  46, 

r    fx.s  +  q^     p\     f^r-hp^  ^^ 
s  s{q^-s)     q\'r{p^-r) 

or  ia2-m(2iOo2-^-l)-/i(p,2_i)=0 

this  condition  being  established,  and  proceeding  in  the  same 
manner  as  in  that  article,  we  find 

&   ^l/|>-m(f.-l)][l  +  mO^-l)]"*'/J 

Again  comparing  the  expression 

q=:q,+Fy 
with  the  value  of  q  determined  by  means  of  the  following 
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1 

_^-l ^            1 

9 

II.S     '  i^[p+d) 

r/- 

rp 

P  - 

{[j.-l)p-lMr 

P^ 

-^M-lk^iy 

F'  = 

= 

3  \rrpj 

Now  z*!  must  be  given,  therefore  let  it  =  bfy  also  expressing  as 
before  p^  in  terms  of/,  m  and  jw,,  we  have 

2F^__1/1     m|>^-m(2jx2-iu,-l)]\ 

also  5'i  being  expressed  in  the  same  way  gives 

1  ^[m(2|Oug-iot-l)-ix^  +  |u>  +  l](l~m) 

These  expressions  enable  us  to  calculate  the  magnitude  and 
direction  of  /  for  given  values  of  /,  m  and  ^xj^but  it  will  be  con-     / 

venient  to  take  the  ordinary  value  of  jtx,  or  jot=5,  and  simplify  the/  "^ 

expression  still  further  ;  in  this  way  we  find 

1_^     2F^      1 

'^'~  q\      Qi     Qi 

_      3/9-llm+llm^\     1/1     m(9-8m)\     (8m  +  l)(l-m) 
~     4/\(3-(^)(2  +  m)/    J\b'^  S(S-m)  )        /3(2+m) 

from  which  the  vakie  of  /  is  easily  found  for  given  values  of 
m  and  b.  -  . 

Ex.  1.  To  apply  the  formula  to  finding  the  radius  of  cur- 
vature of  the  image  of  the  sun  or  moon  given  by  a  convex  lens, 
as  in  Ex.  1,  page  137. 
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/ 
We  have  now     w  =  x      .*.  m—-—0 

u 


p~Pi+Pi  (^  -^i^W=Pi  nearly,  and  F'  vanishes; 

_      31 

-     24/ 

34 

Q 

=  —j/ nearly,    as   found   before   by   the 

other  method,  page  137,  and  the  image  is  concave  towards  the 
lens,  since  q^  is  positive  and  /  is  negative. 

Ex.  3.  When  an  object  which  is  a  straight  line,  has  its  virtual 
image  given  by  an  eye-lens,  magnified  10  times,  required  the  cur- 
vature of  the  image. 


Then  -z=--=u( -7.) 

V     10       \u    f) 


=i-i 

m 
.*.     W2  =  -Q-  also     ^1=  Qfi—hfy   .*.  T=0 

and  substituting  this  value  of  m  in  the  formula  for  — r  we  have 
1  63027 


/  51408 ./ 

5 

and  r'—  —^/nearly,  as  in  Example  2,  page  138, 

also  q^  is  now  negative,  therefore  the  image  is  convex  to  O  and  to 
the  lens. 

Ex.  3.     To  find  the  curvature  of  the  image  when  the  lens  acts 
as  a  field-glass  in  the  eye-tube  of  a  microscope  or  telescope. 
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The  pencils  converging  from  the  object-glass  to  form  the  primary 
image,  are  now  intercepted  by  the  field-lens  and  we  have  m  nega- 
tive, of  different  values  in  different  cases  ; 


As  a  simple  case,  let       m- 


f 


=  -1 


we  have 


/-/i48     h] 


if    b  =  24i ,     or    r^  =  24/    for  the  case  of  a  telescope 

/     /48 


then 
and 


/=jj/=  4/ nearly 


and   q^=——f  is  negative,  therefore  the  image  is  concave  to  (7. 
We  find  for  this  case 


^—-ii^Jy^—        rvji'^  —  ni 


and  the   circumstances, 
are  those  of  the  figure. 


ao 


In  the  case  of  microscopes  b  will  be  always  smaller,  as  seen  in 
the  next  Example,  but  if  not  less  than  4,  the  image  will  be  still 
convex  to  the  field-glass,  and  concave  to  the  eye-glass,  thus 
allowing  a  larger  portion  of  the  image  to  be  seen  distinctly  than 
would  have  been  if  the  field-glass  had  not  been  interposed  and  the 
original  image  convex  to  the  eye-glass  had  been  viewed;  and 
hence  the  name  of  field-glass  from  this  property  of  increasing  the 
extent  of  the  distinct  part  of  the  field  of  view. 

Ex.  4.  To  find  the  curvature  of  the  image  of  a  straight  line 
formed  a  single  convex  lens,  as  \he  power  of  a  compound  micro- 
scope, ^v 

1_   1        1     1 
v~~\Ou     f     u 


Let 


v—\Ou  , 
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10    .  10 

applying  this  value  in  the  formula  for  /  we  have 

1  _     11783 
/  ~      8832/ 

or  ^'~  ~z/      nearly 

and  q^  is  positive,  therefore  the  image  is  concave  towards  O'  and 
the  lens. 

w    1-  9 -8m     19 

We  have  now  n  =  — - — =-- 

5  55 

^5  ^  A  /       55  . 


and  the  circumstances  are  as  in  the  figure. 


^ r — ^ 


o' 


Ex.  5.  To  find  the  curvature  of  the  image  when  a  primary 
image  is  near  the  field-glass  of  an  eye-piece,  similar  to  Rams- 
den^  s. 

We  must  now   suppose   u   very 
small  compared  with  the  focal  length 

of  the  lens  and  w=-^  .*.  m  is  very    — 

large,  and  we  need  only  take  the 
highest  powers  of  m  in  the  expres- 

sion  for  —r  ,  then  we  nnd  —r  =  inc—~Fl 
r    '  r       4/     fb 

4 
If  ^»  =  oo  for  a  straight  line,  then  /=^/  and  q^  is  negative, 

and  /  and  q^  being  of  opposite  signs,  the  image  is  concave  to  O' 

5 

and  the  lens;  the  value  oir=—-^u  is  very  small  compared  with 

/  and  s  positive  is  very  little  smaller,  therefore  the  meniscus  is 

L 
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nearly  a  spherical  shell  and  the  circumstances  like  the  figure. 
When  we  have  discussed  the  achromatism  of  eye-pieces,  we  shall 
see  that  if  we  use  such  a  lens  as  this  in  order  to  procure  a  large 
field  of  view,  we  shall  not  be  able  to  satisfy  the  condition  for 
achromatism. 

Art.  54.     When  an  image  is  considered  the  locus  of  the  circle 

of  confusion,  for  very  small  pencils  or  considerable  obliquities^  we 

can  find  the  form  of  the  image  by  calculating  a  succession  of 

v  "4"  1) 
points  on  the  respective  refracted  rays  at  the  distances,     ^      ^ 

from  the  lens. 

We  cannot  correctly,  however,  consider  an  image  as  formed  in 
this  manner  near  the  center  of  the  field  of  view,  where  the 
obliquity  is  very  small,  and  where  the  aberration  in  even  a  small 
pencil  becomes  very  large  compared  with  the  confusion.  The 
radius  of  curvature  of  an  image,  at  the  axis,  as  if  formed  by  inde- 
finitely small  pencils,  will,  however,  be  found  in  the  next  Article. 

From  Articles  42,  page  103,  and  49,  page  125,  we  have  to  use 
the  expressions  for  very  thin  lenses  as  follows : 

Vj      V  COS.  I         /\r     s/  u 

1        (l^CQ^A      .\/l      1\  .      1 

—  =    i- __l)(__j-_\cos.  I  — 

^2      \  COS.  I         /\r     sj  u 


If  we  take  i^—-^i  the  lens  equiconvex,  and  the  object  directly 

before  the  lens,  but  so  distant  that  we  may  neglect  -  ,  when  the 

V  -J-  V 
focal  length  =1  .  =— !— — ^  for  i—0,  we  have  the  series  of  values 

for     ^  '  .^   as  follow  : 
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for  i 


i- 

=  0,^ 

^1  + 
2 

£2 

-  = 

1. 

i= 

=  100, 

z= 

.975 

i= 

=  200, 

=: 

.904 

i- 

=  300, 

= 

.798 

i- 

=400, 

:=: 

.673 

i- 

=450, 

= 

.609 

which  give  an  image  as  in  the  figure,  drawn  to  a  focal  length  of 
one  inch. 

This  form  of  the  image  with  the  attendant  distortion  can  be 
easily  seen  with  a  small 
lens  of  one  inch  focus, 
by  receiving  the  image 

which   it    gives    of    the    

bars  of  a  window,  on  a 
piece  of  paper  bent  to 
the  required  curvature. 
The  distortion  or  change  in  the  proportions  of  different  correspond- 
ing parts  of  the  image  and  object  depends  chiefly  on  the  change 
in  the  relative  distances  of  these  corresponding  parts  from  the 
lens. 


f^ 


If  we  exa- 
mine the  form 
of  a  real  mag- 
nified image  of 
a  straight  line, 

we  find  it  as  in  the  figure,  and  the  distortion,  except  near  the  axis, 
is  very  great,  the  figure  being  drawn  for  a  focal  length  of  J  inch. 

In  the  case  of  a  virtual  magnified  image  we  find,  as  in  the 


L  2 
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annexed  figure,  to  a  focal  length  of  i  inch,  and  the  distortion 
is  now  again  very  great  at  the  boundaries  of  the  field  of  view, 
these  parts  being  now  extended,  whilst  in  the  former  cases  they 
were  compressed. 

Art.  55.  Prop.  To  find  the  radius  of  curvature  of  an  image 
of  a  given  object  at  the  axis,  when  considered  the  locus  of  the  circle 
of  confusion. 

We  have  now  the  obliquity  i  very  small,  and  considering  the 
lens  very  thin,  we  must  use  the  expressions  of  Art.  43,  page  108, 
in  the  following  form. 


1 

1 

1  ,?(2f^  +  l) 

1 

1 

where  u  is  the  distance  of  any  point  in  the  object  from  the  lens ; 
let  Mq,  Vq  be  the  values  on  the  axis  when  v^  and  v^  each  =Vq, 

If  r^  be  the  radius  of  curvature  of  the  object,  we  shall  have  as  in 
the  previous  articles, 

...     i=-l-|(iH-i) 
u     Uq     2Vri     UqJ 

and  substituting 

1_1      1    ^  i^/\    ^   1    ^2^  +  l\ 

Vi     /     «o       2Vn      u^         IX f  ) 

-L_i_J_   il/^JL   J_  X\ 

V2~f~'^0  ^Vi         Uq        fjf) 

and  since 


"0 

^0  ~/      ^0 


,                               i^v.^/l        1       2a  +  l\ 
we  have       v,  =  v, ^(^--  +  _  +  -^j 
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Vo—V,, 


2     V^l       «^o      P// 


Putting  p  =  the  distance  of  the  circle  of  confusion  from  the  lens, 
we  have 


Vi  +  v^ 


2    \r,      u^       ^f ) 


and  comparing  this  with  the  approximate  equation  of  a  circle, 
whose  radius  =/,  and  being  supposed  convex  to  the  pole,  as 
before,  has  its  least  distance  =Vq,  as  follows, 


,  i2 .  vn  1       1  \ 


or 


1 

r 

-+i: 

% 

1 

v--i 

=    • 

-a 

1 

1 
^1 

2/x  +  l 

or,  the  curvature  of  the  image  depends  on  the  curvature  of  the 
object  and  the  focal  length  of  the  lens,  but  is  independent  of  the 
distance  of  the  object  from  the  lens. 

Now  p—  ^  ^  being  positive,  and  /  negative,  whilst  r^  is 
positive  for  an  object  convex  towards  the  lens,  equal  infinity  for  a 
plane  object,  or  for  a  concave  object  rj  negative  but  — < —  ^  , 
we  have  the  image  concave  towards  the  lens. 

When =    ^         the  image  will  be  plane,  or  the  object  may 

be  so  concave  towards  the  lens  as  to  give  a  flat  image,  and  any 
greater  concavity  than  this  will  give  an  image  convex  to  the  lens. 

V    -i~  1) 

Again,  when  the  image  is  virtual  we  have  p=    ^       ^   negative. 
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and  of  the  same  sign  as  /  whilst  the  object  is  plane,  convex 
towards  the  lens,  or  only  slightly  concave;  therefore  this  virtual 
image  is  convex  to  the  lens. 

This  discussion  shews  us  that  in  such  instruments  as  the  magic- 
lantern  or  oxy-hydrogen  microscope,  the  pictures  should  be  painted 

on  a  curved  surface  with  radius  r^  such  that  — = ^     .  and 

then  /  will  be  infinite  or  the  image  will  be  plane,  and  may  be 

3 

received  on  a  flat  screen.     Taking  j«'=jj  the  above  expression  gives 

ri=^/.     When  the  object  is  plane  or  ri= infinity,  then  the  radius 

3 

of  curvature  of  the  image  =/=^/. 


CHAPTER  V. 


ON    ACHROMATIC    AND    APLANATIC    COMBINATIONS. 

In   the  Chapter  on  Chromatics,  Part  L,  it  was  stated  that  the 

dispersive  power  of  a  medium  =  — "—^  was  best  determined  from 

measm'es  of  the  refractive  indices  of  Fraunhofer's  fixed  lines  by 
taking  &]«,=  the  difi'erence  of  /a,  for  the  fixed  lines  D  and  F,  and 
the  jOt  in  the  denominator  the  mean  between  them.  For  practical 
purposes,  another  method  of  determining  the  ratio  of  the  dis- 
persive powers  of  two  substances  would  be  more  frequently 
employed;  and  this  dispersive  ratio  is  all  that  is  required  in 
forming  double  achromatic  prisms  or  lenses :  that  is,  we  do  not 
require  to  know  p^  or  /?2  ^^^  separate  dispersive  powers,  but  only 
their  ratio,  say 

For  this  practical  method  of  determining  w,  without  the  laborious 
and  delicate  experiments  with  the  Fraunhofer  spectrum,  see 
page  157,  Art  58. 

When  we  have  triple  combinations  of  either  prisms  or  lenses,  as 
in  Art.  86,  Part  I.,  we  may  combine  three  of  the  fixed  lines,  and 
thus  reduce  the  residual  spectrum  which  arises  from  the  irra- 
tionality of  the  dispersion.  This  requires  another  method  of 
treating  the  dispersion,  and  Sir  John  Herschel  has  proposed  to 
refer  the  dispersions  of  dificrent  media  to  that  of  water  at  a  fixed 
temperature  as  a  standard,  in  the  following  manner.  (See  the 
article  '  Light'  in  the  Encyclopaedia  Metropolitana.) 

Let  1^0  be  the  refractive  index  for  the  given  substance  and  the 
fixed  line  B ;  x^  the  refractive  index  for  water  and  the  same  fixed 
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line.     Let  jx  and  x  be  tlie  refractive  indices  respectively  for  some 
other  fixed  line,  and  assume  the  following  series 


/^o- 


—  -      ^^        hi    ^^     \      c(    ^^  V     tc 


Now  if  E  be  taken  for  the  other  fixed  hne,  and  we  find  Sju,  and 
da;  in  numbers,  we  have  the  constant  a  given  by  the  numerical 
equation 

If  we  find  Sju.  and  Ix  for  B  and  another  fixed  line  as  H  in  the 
violet,  we  shall  have  two  equations  of  the  form 

&a  8a?         ,/    dx 


H- 


1 


T-(.^y 


which  will  give  values  to  both  a  and  b,  and  so  we  may  proceed 
onwards  for  any  number  of  fixed  lines. 

Sir  John  Herschel  has  given  a  table  of  the  coefficients  a  and  b 
for  the  substances  contained  in  Fraunhofer's  table  of  refractive 
indices  at  the  end  of  Part  I. 

The  series  which  expresses  the  equivalent  of ^— r-  cannot  be 

given  in  a  general  form,  but  must  be  adapted  to  each  particular 
case;  thus,  when  we  have  a  double  achromatic  lens  or  prism  to 
discuss,  we  should  use  the  lines  D  and  F,  or  perhaps  C  and  Fy  to 
determine  the  value  of  a ;  but  if  we  had  a  triple  combination  to 
discuss,  we  should  probably  choose  the  lines  C,  E  and  G  to  deter- 
mine a  and  b. 

The  angle  in  which  the  spectrum  is  dispersed  changes  with  the 
incidence  on  the  prism,  and  a  prism  of  a  smaller  angle  at  one 
incidence  will  give  an  angular  dispersion  as  great  as  a  prism  of 
larger  angle  at  another  incidence.  By  placing  two  prisms  made 
from  the  same  material,  but  of  difierent  angles,  with  their  edges  in 
opposite  directions,  a  combination  nearly  achromatic  may  be 
formed,  which  gives  considerable  deviation  to  the  pencil. 

An  object  viewed  through  such  a  combination,  appears  extended 
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in  one  direction  but  without  colour ;  and  if  another  equal  combi- 
nation be  set  with  the  principal  section  of  the  prisms  at  right 
angles  to  that  of  the  first,  the  object  appears  extended  in  the 
direction  at  right  angles  to  the  first,  or  it  appears  magnified. 
This  constitutes  the  prismatic  telescope  of  Professor  Amici,  of 
Modena,  but  the  combination  had  been  long  previously  studied  in 
Scotland  by  Dr.  Blair  and  Sir  David  Brewster. 

Prisms  placed  in  any  other  position  than  that  for  the  minimum 
deviation,  we  saw  in  Art.  29,  were  afi'ected  with  confusion,  so  that 
to  produce  distinctness,  the  pencil  should  pass  through  each  of  the 
prisms  in  an  achromatic  combination  at  the  angle  of  minimum 
deviation,  when  the  angles  of  the  prisms  are  not  small. 

Art.  56.  Prop.  To  investigate  an  expression  for  finding 
the  forms  of  two  prisms  in  an  achromatic  combination,  when  the 
pencils  pass  through  each  with  the  minimum  deviation. 

Let  d^  and  c?2  be  the  deviations  produced  by  the  prisms  whose 
angles  are  «,  and  ag,  and  refractive  indices  ju^j  and  joig  respectively, 
and  ^1  +  ^2  ^^6  deviation  produced  in  the  pencil  by  both. 

When  there  is  achromatism,  the  difierential  of  [d^  +  d^)  taken 
with  respect  to  the  variation  of  the  refractive  indices,  must  =0. 

or  d{d^)  +  d{d^)=^0 

but  at  the  angle  of  minimum  deviation.  Part  I.,  Art.   35,   we 

,  .       a,       .     M  +  «i\ 

have  ju,j  sm.  -^  =  sm.(^*-^^ —  j 

.-.     sm.  -^  .  dix^  =^  COS.    \^      •  d{d^) 

^l^^/l-l^,'^m.^^^did,) 
and  similarly  for  d{dc,) 


Oit       ,  .etc 


sin.  -—  •  dfji.^  sin.  -^ .  dy^c^ 

0=  ■—, —  + 


VwT^^     V'l 


9      •        O  ^9 
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or  putting  p,=       ^\    ,    P2  =  -ft\ 


we  have 


sin 
Pi^ 

P2 

sin 


in.|^l-^/sin.^^   (^1-1) 


which  gives  the  relation  between  the  dispersive  powers  and  angles 
of  the  prisms  required ;  the  negative  sign  shewing  that  the  refract- 
ing angles  of  the  prisms  must  be  turned  in  opposite  directions. 

Art.  57.     Prop.     To  find  the  conditions  of  the  most  complete 
achromatism  to  be  obtained  by  a  triple  lens. 

First,  to  find  the  differential  of  -^  in  respect  of  the  variation  of 
ju,,  we  have 

i=^-.)(i4) 

=p(».-i){i+i) 

_p_ 
~f 

From  Art.  80,  Part  I.,  we  have  for  a  combination  of  lenses 
when  the  aberration  is  neglected. 


f 

or,  for  a  triple  lens  when  the  focal  lengths   are  f^,  /g,  /g,   and 
dispersive  powers  p^,  p^,  p^,  respectively 

1=1  +  1  +  ^-1 

^    /i    A    /s   u 

and  the  differential  of  v  must  =  0  for  the  variations  of  the  refractive 
indices 
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...  0=4+^+^ 

J\     fi     /s 
or  using  the  formula  of  Sir  John  Herschel,  we  have 


If  IX  I,  /     S.^     \2       o       1 


where  the  coefficient  of  —  is  the  value  of  jo^,  and  those  of  — ,  — r , 
the  values  of  p<^  and  jOg  respectively. 

Now  in  order  that  the  equation  may  be  satisfied  independently 

tx 
of  any  particular  value  of r- ,  we  must  have  the  coefficients  of 

a?o— 1 

each  power  separately   =0,  or 

/i      fi     Jz 

o=A+A+A 

/i     /a     /s 
Let  the  focal  length  of  the  combination  =■¥,  or 

^        /l         /2        /s 

These  three  equations  suffice  to  determine  f^ ,  /Ij  ^^^  /s  ^  ^^ 
which  one  at  least  must  be  negative,  and  another  positive. 

In  the  triple  lens  we  are  thus  able  to  unite  the  three  of  the 
fixed  lines  of  the  spectrum  which  were  employed  in  calculating 
the  coefficients  a^,  a^,  «3,  b-^t  &2>  ^3^  ^^^  ^^^^  reduce  greatly  the 
residual  spectrum. 

Art.  58.  Pkop.  To  find  the  condition  of  achromatism  in  two 
lenses  separated  by  a  given  interval. 

Let  the  lenses,  in  the  first  instance,  be  supposed  as  in  the  figure ; 
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and/i  the  focal  length  of  q,  /g  that  of  Cj,  v^  =  Ciqi,  ^'2~^2?2* 


ctr>^  cav< 


Qcj  =  w^  and  the  distance  c^  Cg  between  the  lenses  =  a, 
1       1      1 


then 


/i     «^ 


1       1 


1 


^2      /a     «^i— « 

Now,  when  5^2  is  an  achromatic  focus,  the  differential  of  v^  in 
respect  of  a  variation  of  jx,  must  =0;  therefore,  differentiating 
the  above  equations,  we  have 

_  dv^  _  P2        dv^ 


or 


/. 


'■  ('-0 


A     /i 


and 


{'-(i-i)}' 

i?2  /2l-  V/l        u/i 


which  gives  the  relation  required,  the  negative  sign  shewing  that 
one  of  the  lenses  must  be  concave,  and  the  other  convex. 

When  a  is  small  we  may  neglect  a^  and  have 

This  discussion  shews  us  that  when  the  achromatism  of  two 


ON    ACHROMATIC    AND    APLANATIC    COMBINATIONS.       157 

lenses  in  contact  is  not  complete,  it  may  be  improved  by  sepa- 
rating them ;  but  the  condition  is  not  then  independent  of  u. 

This   formula    enables   us   to   determine    the    dispersive   ratio 

73-=—,  when  we  have  found   the   focal  lengths   of  two   lenses 

Pi 
which  form  a  combination  nearly  achromatic,  by  measuring  the 

distance  of  separation  a  which  renders  the  achromatism  complete. 

This  is  the  method  referred  to  at  the  beginning  of  this  Chapter, 

and  is  independent  of  any  hypothesis  as  to  what   rays    should 

be  taken  in  order  to  secure  the  best  result  in  practice. 

Art.  59.  The  results  of  the  previous  Propositions,  which  are 
treated  on  the  usual  method  in  achromatism,  must  be  considered 
only  first  approximations.  We  may  consider  a  lens  as  formed 
of  an  infinite  number  of  virtual  prisms,  whose  faces  are  the  tangent 
planes  to  the  surfaces  of  the  lens.  Now  if  a  ray  always  passed 
through  the  lens  parallel  to  the  axis,  our  ordinary  expressions  are 
easily  obtained  by  the  properties  of  prisms  with  small  refracting 
angles,  but  as  the  rays  pass  obliquely  in  general  through  the 
lenses,  there  is  strictly  a  small  correction  remaining,  which 
depends  on  the  difiierence  of  the  distances  from  the  axis  at  which 
the  ray  is  incident  and  emergent,  that  is  upon  the  thickness  of 
the  lens  and  the  inclination  of  the  ray  to  the  axis.  In  telescopic 
object-glasses  this  correction  is  always  small. 

To  shew  how  the  usual  expression  for  the  achromatism  of  a 
double  object-lens  may 
be  obtained  by  the  consi- 
deration of  virtual  prisms  j 
let  O  be  the  center  of 
curvature  of  the  first,  O' 
that  of  the  second  sur- 
face, PF'  a  line  parallel 
to  the  axis  00' ;  FI , 
PI'  tangents  at  P  and 
F;  then  PIP'  is  the 
refracting  angle  of  the  virtual  prism  through  which  a  ray  PP' 
passes.  Draw  the  perpendiculars  PM—P'N=y  say,  and  IK, 
then  the  tangents  being  perpendicular  to  the  radii,  we  have 
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z  /=  z  PIK+  z  FIK 

r     s 
and    the    deviation    between    the    incident    and    emergent    rays 
=  D=(f.-l)/ 


=  (f^-l)2/g+i) 
-JL 

similarly  in  the  concave  lens  we  should  have  for  the  deviation 

f 

and  D  +  Ty=y{^-^ 

and  differentiating  in  respect  of  ju.  and  \i! ,  we  have 
c?(Z)-fiy)=0  for  achromatism 


y 


\f       f) 


as  found  in  Art.  85,  Part  I. 

If  the  ray  passes  obliquely  through  the  lens^  the  above  result  is 
not  quite  true.  The  student  who  feels  interested  in  the  subject 
will  find  the  problem  discussed  for  a  telescopic  lens,  in  a  paper  by 
the  author,  in  the  Transactions  of  the  Cambridge  Philosophical 
Society,  Vol.  VI.  Part  III.,  but  the  process  is  too  long  for  inser- 
tion in  the  present  treatise.  The  following  is  the  equation  for 
achromatism. 
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where  t^  is  the  thickness  of  the  convex  lens  at  its  edge,  r^,  i\j  the 
radii  of  the  first  and  second  surfaces ;  t^,  r^,  rg  the  same  quantities 
for  the  concave  lens,  which  lias  the  same  curvature  at  its  inner 
surface  as  the  convex ;  also  /^  the  refractive  index  for  the  convex, 
ju,'  for  the  concave,  and 


The  investigation  would  require  modification  for  the  object- 
lenses  of  microscopes  on  account  of  the  proximity  of  the  object  to 
the  lens,  with  the  larger  proportion  of  the  aperture  and  t^,  t^t  to 
the  radii  of  the  surfaces.  The  correction  would  probably  rise  to  a 
larger  amount  than  in  telescopic  lenses,  but  in  practice  these 
corrections  would  appear  to  the  working  optician  as  defective 
achromatism,  and  would  be  easily  remedied  by  changing  the 
curvature  of  one  of  the  sui'faces. 

The  achromatism  of  eye-pieces  was  explained  in  Art.  87,  Part  I. 
to  be  produced  by  the  lenses  being  placed  at  such  distance  that 
the  coloured  rays,  which  originally  constituted  a  ray  of  white  light, 
emerged  from  the  eye-lens  in  a  state  of  parallelism;  the  result 
being  produced  by  the  ray  which  had  the  most  deviation  at  the 
first  lens,  having  the  least  at  the  second  one. 

A  similar  effect  takes  place  in  a  single  lens,  at  the  two  surfaces, 
when  the  thickness  is  considerable. 

Euler,  to  whom  we  are  indebted  for  the  method  of  investigation 
used  in  the  next  article,  has  discussed  in  his  work  "  Dioptrica,'^ 
the  case  of  a  single  thick  lens,  as  w^ell  as  the  cases  of  several 
lenses.  His  method  consists  in  taking  the  angles  which  the 
difi^erently  coloured  rays  make  with  the  axis  of  the  lens  at  emer- 
gence to  be  the  same;  when  they  have  originally  constituted  one 
compound  ray.  Thus  if  ^=  -^  P'q2M'  in  the  next  figure,  we  must 
have 

and  therefore  — '       '      =  0 . 
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Art.  60.     Prop.     To  investigate  the  condition  that  two  lenses 
of  the  same  kind  of  glass  may  form  an  achromatic  eye-piece. 

Let  f\  be  the  focal  length  of  the  lens  C,  f^  that  of  C,  and  the 


Hi  is 

distance  CC'—a;  QPP'q2  being  the  course  of  a  ray. 


then 


Let  QC=u,  qiC=v,  q<fi' -^v  ,  PM=y,  FM'^y  ; 

^  ~  /i      «« 
111 
V       f2     v  —  a 

y  _q^M' _v  —  a 
y^q^M"     V 

and,  tan.  P'q^M.'  is  to  be  the  same  for  rays  of  all  colours,  or 
6?(tan.  ^^2^0=0 

but,  tan.  Fq^M'^^ 

^y[v-a)(  1    ^      1     I 
V       1/2     v-a] 

differentiating  with  respect  to  jx,  and  equating  to  zero,  we  have, 
since  y  is  the  same  for  each  coloured  ray  in  QP, 

j\      Ji        fi   J\     J\    J 2     ^    /g 
since  p  the  dispersive  power  is  the  same  for  both  lenses,  and 
()^J^^J__   /_2 1_\ 
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.  .     a—  „ 

2_A 

u 

which  gives  the  distance  a  required. 

For  the  eye-piece  of  a  telescope  u  is  the  distance  of  the  field -glass 
from  Q  the  center  of  the  object-glass,  and  being  large  compared 

f 

with  /i  we  may  consider  --^0,   which    makes   the   investigation 

u 

more  simple  for  that  case,  and  gives 

^_  /1  +  /2 


For   the   achromatic  eye-piece  of  a  microscope  —  cannot  be 

neglected,  and  we  see  that  the  lenses  should  be  more  separated 
than  for  a  telescope. 

By  the  same  method  the  condition  of  achromatism  in  an  eye- 
piece consisting  of  three  or  four  lenses  may  be  investigated ;  but 
in  the  case  of  three  lenses  one  of  the  distances  is  arbitrary,  and  in 
the  case  of  four  lenses  two  of  the  distances  are  arbitrary.  The 
student  will  find  both  cases  investigated  in  Mr.  Coddington^s 
Treatise,  Articles  209  to  212. 

Aplanatism,  or  freedom  from  aberration,  has  been  already 
discussed  for  single  lenses  in  Art.  37;  we  have  now  to  consider 
it  for  combinations  of  lenses,  where  the  aberration  of  one  of  the 
component  lenses  is  destroyed  by  the  contrary  aberration  of  the 
other,  or  others. 

The  small  term  in  the  value  of  -  being  its  variation,  depending 
on  xr  (or  y'^  —  ^xr  nearly),  and  the  form  of  the  lens,  together  with 
the  refractive  index,  we  may  write  it  S  •  - ,  or 

V        J        U  V 
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and  we  may  use  8  -  to  either  a  second  or  third  approximation 
according  to  the  requirements  of  the  particular  case  under  dis- 


cussion. 


Art.  61.     Prop.     To  investigate  the  general  condition  of  apla- 
natism  in  a  series  of  thin  lenses  in  contact. 

Let  QC=Uj  /p  /a,  /g,  &c.,  the  focal  lengths  of  the  lenses  in 
succession  from  Q, 


v^  =  q^C,  Vc^^qcfi,  v^  =  q^C,  &c. 
then  we  have,  as  above, 

111^1 

«^2      /a      ^1  % 

Vz        Is         ^2  ^3 

&c.         &c. 

or,  performing  the  summation  we  have,  if  we  put  n  for  the  number 
of  the  lenses, 

and  the  aberration     =  S  .  v^  =  —  vj^l,  (  ^  *  ~  ) 

Now  in  order  that  the  combination  may  be  aplanatic,  we  must 
have  5.vi,=0 


r 


or 


('i)- 
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...  «=Ai§ 

2 -A 
u 

which  gives  the  distance  a  required. 

For  the  eye-piece  of  a  telescope  u  is  the  distance  of  the  field-glass 
from  Q  the  center  of  the  object-glass,  and  being  large  compared 

with  f^  we  may  consider  -=0,   which    makes   the    investigation 

u 

more  simple  for  that  case,  and  gives 


f 
For  the  achromatic  eye-piece  of  a  microscope  —    cannot    be 

neglected,  and  we  see  that  the  lenses  should  be  more  separated 
than  for  a  telescope. 

By  the  same  method  the  condition  of  achromatism  in  an  eye- 
piece consisting  of  three  or  four  lenses  may  be  investigated ;  but 
in  the  case  of  three  lenses  one  of  the  distances  is  arbitrary,  and  in 
the  case  of  four  lenses  two  of  the  distances  are  arbitrary.  The 
student  will  find  both  cases  investigated  in  Mr.  Coddington's 
Treatise,  Articles  209  to  212. 

Aplanatism,  or  freedom  from  aberration,  has  been  already 
discussed  for  single  lenses  in  Art.  37 ;  we  have  now  to  consider 
it  for  combinations  of  lenses,  where  the  aberration  of  one  of  the 
component  lenses  is  destroyed  by  the  contrary  aberration  of  the 
other,  or  others. 

The  small  term  in  the  value  of  -  being  its  variation,  depending 
on  xr  (or  y^  =  2a;r  nearly),  and  the  form  of  the  lens,  together  with 
the  refractive  index,  we  may  write  it  S  ■  - ,  or 

V         J         U  V 

M 
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and  we  may  use  S  -  to  either  a  second  or  third  approximation 

according  to  the  requirements  of  the  particular  case  under  dis- 
cussion. 

Art.  61.    Prop.     To  investigate  the  general  condition  of  apla- 
natism  in  a  series  of  thin  lenses  in  contact. 

Let  QC=u,  f,  f,  f^j  &c.,  the  focal  lengths  of  the  lenses  in 
succession  from  Q, 


& 


& 


«;,  =  j,C,  D2  =  ?2C,  v^-q^C,  &c. 
then  we  have,  as  above, 

111^1 


^8      /a 

&c. 


&c. 


or,  performing  the  summation  we  have,  if  we  put  n  for  the  number 
of  the  lenses, 

and  the  aberration     =  g  .  t?^  =  —  vjl,  (  ^  •  ~  ) 

Now  in  order  that  the  combination  may  be  apjanatic,  we  must 
have  J    /^  /    S./n=0  '      ^ 


J  T 


or 


('■l)-o 


/  ♦ 


■n. 
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It  was  found  in  Art.  35  that  in  certain  cases,  convex  lenses  of 
the  meniscus  form  had  opposite  aberration  to  what  is  the  general 
direction_,  and  hence  combinations  of  a  meniscus  with  another 
convex  lens  may  be  aplanatic  by  the  opposite  aberrations  destroy- 
ing each  other.  Aplanatic  lenses,  however,  are  much  better 
formed  according  to  the  method  of  the  next  article,  so  that  achro- 
matism is  secured  at  the  same  time  as  aplanatism. 

Cor.  When  the  lenses  are  separated  by  given  intervals  a^,  a^, 
«3,  &c.,  the  expressions  become  as  follow, 


^1     /i    ««      V«^i/ 


^-^*^<i-) 


j^_J_   1 


--^-(i) 


JL-JL       ^ 

^3        /s         ^2       '^2 

&C,  &C. 


and  the  sum  S  <  8{  -  J  >  is  to  be  formed,  by  the  numerical  calcu- 
lation of  the  value  of  each  of  its  terms  8(  — ) ,  SI  —  I  &c. 

Art.  62.  Prop.  To  apply  the  condition  for  aplanatism  to 
the  case  of  the  double  object-glasses  of  telescopes. 

The  aperture  of  the  object-glass  of  a  telescope  is  so  small  in 
comparison  of  itssfocal  length,  that  we  h^ve  no  n^d  to  go  higher 
than  the  second  approxim^doiiNTi  forban^khe  equSwcw^ 
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Referring  to  Art.  35,  page  81,  we  have  generally 

=  ^sj  (3a  +  2K  +  (/>^  +  2)  w2  +  4(/^  + 1) 


mn  —  ^— ^-^ — r — -  m  — 
^-1 


M2^,^ 


-1)2/ 


(^-1) 

If  we  put  ju^i,  mp  Wp  Pi,  /p  and  ^^  for  the  values  of  jx,  m,  n, 
Pj  /,  and  ^  for  the  first  lens ;  and  /Xj,  /Wg,  ^2,  j!?2>  f2>  ^^^  ^2  ^0^' 
the  second  lens,  we  have 

since  y^=2wr  is  nearly  the  same  for  the  two  lenses. 
"We  have  also  the  equations,  see  Part  I.  Art.  85, 

and  we  have  to  determine  the  radii  r^,  s^,  rg,  ^2,  respectively,  of  the 
surfaces  of  the  lenses;  or,  which  is  the  same  thing,  we  have  to 
find  /*!  and  /2,  with  n^  and  n2,  when  m^  is  given,  and  therefore  ^2 
is  easily  found  in  terms  of  m^  and  f^. 

Now  fi  and  /2  are  given  by  the  two  last  equations,  and  we  have 
only  the  one  equation  for  aplanatism  to  determine  n^  and  ^2; 
that  is,  one  of  these  is  arbitrary. 

Amongst  the  different  conditions  which  have  been  proposed,  in 
order'  to  furnish  another  equation,  that  of  Sir  John  Herschel  is 
undoubtedly  theoretically  the  best ;  the  condition  proposed  by  the 
celebrated  French  mathematician  Clairaut,  and  adopted  by  Pro- 
fessor Barlow,  that  the  contiguous  surfaces  of  the  lenses  should 
have  the  same  radii,  convex  and  concave  respectively,  and  be 
cemented  together  in  order  to   save  the  light  which  is  lost  by 
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reflexion  at  those  surfaces,  has  not  been  adopted  for  the  object- 
glasses  of  telescopes,  although  it  is  in  general  use  for  those  of 
microscopes. 

Sir  John  HerscheFs  condition  is  this :  the  telescope  being  used 
to  view  very  distant  objects,  we  take  Wi=  oo  /.  mi  =  0  and  having 

u^z=L  —  f^,  m^  —  —  =—^  which  is   therefore  known,   and  with 

these  we  obtain  the  equation 

with  Wj,  Wg,  and  given  quantities,  but  the  telescope  may  be  required 
to  view  objects  which  are  nearer,  although  u  is  still  large,  say 
more  than  ten  times  F,  and  m^  so  small  that  we  may  neglect  m^ 
in  forming  the  condition  of  aplanatism.  We  thus  obtain  another 
equation  with  Wj,  tic^^  2xA  known  quantities,  which  is  merely  the 
coefficient  of  m^  in  the  general  expression,  equated  to  zero,  because 
the  term  with  m^  is  neglected  as  very  small,  and  the  term  inde- 
pendent of  m^  was  previously  equated  to  zero,  by  taking  first 
m^  =  0.  The  resulting  object-glass  is  free  from  aberration  for 
the  heavenly  bodies  and  for  terrestrial  objects  of  considerable 
proximity. 

Sir  John  Herschel  has  given  a  valuable  table  for  facilitating  the 
construction  of  object-glasses  on  these  conditions ;  but  the  prac- 
tical opticians  find  the  construction  difficult,  because  the  aberra- 
tions of  the  separate  lenses  are  very  large,  and  therefore  the 
slightest  deviation  from  the  theoretical  curvatures  produces  a  very 
sensible  error  in  the  combination.* 

A  similar  table,  calculated  with  one  of  the  conditions  as  before 
?^^J=0,  and  the  other  that  one  of  the  lenses  should  have  the 
minimum  aberration,  would  probably  be  the  most  serviceable  to 
the  working  optician,  and  enable  him  to  furnish  more  effective 
instruments  than  Sir  John  Herschel's  rules. 

*  See  a  little  Treatise,  entitled  "  Practical  Illustrations  of  the  Achromatic  Tele- 
scope. Being  the  substance  of  two  Papers  read  before  the  Society  of  Arts."  By 
Mr.  Ross.     London,  1840. 
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Art.  63.  Prop.  To  investigate  the  aplanatism  of  the  object- 
glasses  of  microscopes. 

We  have  to  determine,  as  in  the  last  Article,  r^,  s^,  r^,  s^,  or 
their  equivalents  f,  f^,  n^,  TZg,  when  u^  is  small,  and  therefore  m^ 
is  large.     Our  equations  as  before,  are 

JL-_L     J- 

F~A'^f, 

An  additional  equation  would  arise  from  the  method  hitherto 
practically  used  on  the  proposal  of  Clairaut,  that  is 


and  the  cementing  the  contiguous  surfaces  with  Canada  balsam, 
has  been  attended  with  no  inconvenience,  on  account  of  the  unequal 
expansions  of  the  lenses  by  heat,  because  they  were  always  small. 

These  equations  suffice  to  find  the  form  of  an  achromatic  lens 
to  be  used  as  the  power  of  a  microscope  which  shall  also  be  apla- 
natic;  when  the  length  of  the  tube  of  the  instrument  and  the 
power  of  the  object-glass  are  given. 

It  was  stated  at  page  151,  Part  I.  that  the  powers  of  the  best 
microscopes  are  now  made  with  three  achromatic  lenses,  which  for 
a  series  of  years  were  each  plane  on  the  side  towards  the  object. 
A  later  improvement  has  been  effected  by  Mr.  Lister  in  making 
the  one  fuVtEotit  from  the  object  triple ;  that  is,  two  convex  lenses 
of  plate-glass,  with  a  flint-glass  lens  between  them,  all  cemented 
together. 

The  object  gained  by  using  three  achromatic  lenses  for  the  power, 
was  stated  to  be  the  large  quantity  of  light  collected  in  the  image, 
which  being  also  very  accurately  achromatic  and  aplanatic,  allowed 
it  to  be  highly  magnified  and  still  remain  bright  and  distinct. 
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If  we  examine  the  expressions  for  ^^  and  A^^  Art.  63,  we  see 
that  m^  rises  to  the  square  in  the  equation 

and  for  any  values  of  r^,  s^,  r^y  s^y  there  will  be  generally  two 
values  of  m^  (or  none),  which  will  satisfy  the  equation;  and 
therefore  (unless  when  the  two  roots  are  equal)  there  will  be 
two  positions  of  the  luminous  point,  which  will  have  aplanatic 
conjugate  foci,  if  there  be  one  such. 

Again,  at  these  foci,  although  the  direct  aberration  may  vanish, 
the  oblique  aberration  will  not  necessarily  do  so,  but  will  remain 
of  some  degree  of  magnitude,  unless  the  compound  lens  has  a 
particular  form.  The  degree  and  direction  of  this  residual  oblique 
aberration  depends  on  the  excess  of  effect  by  the  convex  or  concave 
lens,  according  to  the  particular  form  of  each,  and  the  direction  of 
the  pencil  through  it. 

Mr.  Lister  discovered  experimentally  the  two  aplanatic  foci  of 
his  piano-achromatic  lenses,  which  are  shewn  to  exist  generally} 
from  the  analysis  above,  and  also  the  effect  of  the  oblique  aberra- 
tion in  them,  which  he  describes  in  the  following  terms :  "  One 
other  property  of  the  double  object-glass  remains  to  be  mentioned ; 
which  is,  that  when  the  longer  aplanatic  focus  is  used,  the  mar- 
ginal rays  of  a  pencil  not  coincident  with  the  axis  of  the  glass  are 
distorted,  so  that  a  coma  is  thrown  outwards ;  while  the  contrary 
effect  of  a  coma  directed  towards  the  centre  of  the  field  is  produced 
by  the  rays  from  the  shorter  focus.  These  peculiarities  of  the 
coma  seem  inseparable  attendants  on  the  two  foci,  and  are  as 
conspicuous  in  the  achromatic  meniscus,  as  in  the  plano-convex 
object-glass.'^* 

We  see  that  Mr.  Lister  thought  the  oblique  aberration  an 
inseparable  attendant  of  the  aplanatic  foci,  but  now  that  our 
analysis  is  brought  to  bear  on  the  subject,  we  see  that  a  single  lens 
may  be  free  from  the  effect  of  obliquity,  and  therefore  a  double  one 

*  See  Phil.  Trans,  for  1830,  page  197. 
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composed  of  two  such,  see  Art.  46,  and  as  there  are  generally  two 
values  of  n^  and  w^,  which  satisfy  the  equation  of  aplanatism  for 
a  given  value  of  m^,  we  must  evidently  in  the  cemented  double 
achromatic  lens  take  the  value  of  n^,  which  gives  the  outer  surfaces 
the  nearest  in  accordance  with  those  of  the  single  lens,  which 
is  free  from  the  effect  of  obliquity. 

The  annexed  figure  will  explain  the  positions  of  the  successive 
foci  in  the  triple  achromatic  power  of  a  microscope. 


The  object  Q  is  placed  so  near  the  lower 
lens,  that  the  virtual  image  it  forms,  will  be 
at  some  such  position  as  q^ ;  the  rays  fall  on 
the  second  lens  as  if  they  had  come  from  an 
object  at  q^j  which  is  still  so  near  the  lens  as 
to  give  a  second  virtual  image  as  at  qc^,  but 
the  rays  falling  upon  the  uppermost  of  the 
object-lenses,  as  if  coming  from  an  object  so 
distant  as  q^i  give  a  real  image  as  at  q^y  which 
being  again  magnified  by  the  eye-piece,  we 
have  the  compound  microscope  completed. 

The  position  of  Q  is  so  near  the  first  lens, 
that  the  incident  pencil  forms  a  cone  of  large 
angle  (about  90^  in  the  figure),  and  the 
second  lens  must  be  large  enough  to  transmit 
it  also,  and  similarly  with  the  third  lens;  so 
that  if  the  object  Q  be  bright  we  shall  have  a 
bright  image  at  q^,  and  if  it  be  also  very 
accurately  achromatic  and  apian atic,  it  will 
bear  magnifying  many  times  again  by  the 
eye-piece. 


S3 


^^ 


.  .  ,   A(iv\  '>««^  'TniU^ 


< 3^ — t- 


Mr.  Lister  having  his  lower  lenses  plano-achromatics,  was  under 
the  necessity  of  using,  approximately,  the  aplanatic  foci  which 
belong  to  such  lenses,  but  he  had  still  at  command  the  focal 
lengths  and  distances,  so  that  by  changing  these,  the  final  correc- 
tion could  be  made  very  complete  as  to  achromatism,  as  well 
as  direct  and  oblique  aplanatism.      He  says:  "The  adjustment 
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for  the  microscope  is  then  perfected,  if  necessary,  by  slightly 
varying  the  distance  between  the  object-glasses,  and  after  that  is 
done,  the  length  of  the  tube  which  carries  the  eye-pieces  may  be 
altered  greatly  without  disturbing  the  correction;  opposite  errors 
which  balance  each  other  being  produced  by  the  change. 

"  In  combining  several  glasses  together,  it  is  often  convenient 
to  transmit  an  under-corrected  pencil  from  the  front  glass,  and  to 
counteract  its  error  by  over-correction  in  the  middle  one. 

'^  Slight  errors  in  colour  may  in  the  same  manner  be  destroyed 
by  opposite  ones;  and  on  the  principles  described,  we  not  only 
acquire  fine  correction  for  the  central  ray,  but  by  the  opposite 
effects  at  the  two  foci  on  the  transverse  pencil,  all  coma  can  be 
destroyed,  and  the  whole  field  rendered  beautifully  flat  and 
distinct.'^ 

When  a  thin  plate  of  glass  is  placed  over  the  object,  its  aberra- 
tion, which  depends  on  the  thickness,  see  Art.  24,  will  be  in 
addition  to  those  of  the  lenses,  and  hence  a  different  separation  of 
the  lenses  is  required  for  aplanatism ;  this  is  accomplished  by  an 
appropriate  mechanism  according  to  Mr.  Rosses  improvement, 
which  is  now  universally  employed  in  the  finest  English  micro- 
scopes, and  this  adjustment  is  an  essential  point  to  be  attended  to 
when  viewing  the  most  difficult  test-objects. 

Art.  64.  Prop.  To  put  the  equations  for  a  double  achro- 
matic and  aplanatic  lens  in  a  form  for  use  in  computation. 

In  the  first  instance,  until  the  forms  of  the  lenses  corresponding 
to  some  given  position  of  the  object  at  Q  are  determined,  we  take 


the  formulae  as  applying  to  such  a  case  as  the  annexed  figure; 
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and  have  0  =  ^^^^i-f  ^^^^2 W 

^44 ^'^ 

0=^  +  f (8) 

Let  X3-  =  the  dispersive  ratio  =—  which  must  be  given,  then 

from  (3)  T=-T 

substituting  this  in  (3) 

1  _1-^ 

and  /^=_A=_l^^i,- 

which  give  /^  and  f^  in  terms  of  F  the  focal  length  of  the  com- 
pound lens  and  the  dispersive  ratio. 

Again,      u^  =  QC,   ^u^  —  qiC^v^ 

J__J 2. 

'^i  ~  /i      ^i 

_1— Wij 

""TT 

~         Mo 


m2 


_!2 
/2 


m2=-^(l-mi) 
1— mj 


=  +  ^ 
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Substituting  in  the  expression  for  A,  Art.  62,  the  particular 
values,  we  have  (1)  in  the  form 


^1  —  1  //-I 


0  =  — ^{(3^l  +  3X+(^l^-2)7^l2  +  4(/.l  +  lK/^l- 
1  '*'+  {^,-ir  I 

which  rises  only  to  the  second  degree  in  m^  n^  n^,  and  gives  in 
general  two  values  of  any  one  of  these  quantities,  when  the  other 
two  are  given. 

The  above  equation  may  be  simplified  by  multiplying  up  pj,  /^^ 
and  putting  )c=  the  refractive  ratio  =— 

then  (hA--ytT^s 

When  the  inner  surfaces  coincide  for  cementing,  we  have 


l-n,(^i-l)  n^ 

.      ^  _1-»i(h-1) 
■■       '-    ^(/-i-l) 

Ex.  1.     Let  —v  =  2u^  for  the  lower  lens  of  the  object-glass  of 

the  achromatic  microscope,  and  73-=— -—-  =  1.764  being  the  reci- 

U.ou/ 

procal  of  the  dispersive  ratio  used  by  Sir  John  Herschel  for  his 

Ex.  of  a  telescopic  lens,   since  we  place  the  concave  flint  lens 

nearest  the  object ;  and  |t;ti  =  1.589,  ju,2= 1.519  from  his  example, 

V  2^1      F      Ui 
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«A       3/     F 


U^  = 


2     2(1-^) 

J,     mi  =  2(l— -sr) 

=  -2x  .764= -1.528 
and  nil  ^^  ^^^^  correctly  negative,  for  u^  is  positive  and  /i  negative, 

1 — mj 


and  m. 


2—       -sr 
2.528 


1.764 

=  1.433 

_l-^>i-l) 

'"       M^i-1) 

1 -.589^1 

.589x1.764 

= +  .963-. 567  W] 

/^2  /a' 

=  5.742 

Substituting  these  values,  we  find  the  following  quadratic  equa- 
tion for  Wj , 

0=2.907  Wi2_  3.503  n^  +  .294 


.-.     7Zi  =  .6025+  v'.262 
=  1.114  or  .090 

Taking  the  first  value  of  n^  we  have 

/l  1-^     r. 

=  -.686F 
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=  - 1.308  i^ 

=  +l.SOSF 

g  ^    (^2-l)/2 

2       l_(^2_l)/i2 


=  .2714F 


and  tlie  lens  is  as  the 
figure  drawn  to  the  scale, 
i^=one  inch. 


If  we  take  the  other  value  of  n^j  we  have 

r^=-SA9F 
5i=-.475F 

and  the  first  surface  is  much  more  nearly  plane  than  in  the  former 
case;  which  approximates  to  the  form  of  the  meniscus  in  Ex.  5, 
Art.  46,  with  the  oblique  aberration  the  same  as  the  direct,  and 
which  we  should  consequently  adopt  in  practice. 

Ex.  2.  To  find  the  form  of  the  lens,  when  v=20u  for  the 
furthest  of  the  three  from  the  object,  which  has  its  conjugate 
focus  real. 


We  have 
whence 


1 

20u 


m 


_1 

u 

.727 


m2  =  .979 

?Z2  =  . 963 -.567^1 

Ki3-3  =  5.742 

and  with  these  we  find  that  the  condition  of  aplanatism  cannot  be 
satisfied,  since  the  values  of  n^  in  the  equation 


0= 


P-i 
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are  imaginary,  but  if  we  equate  to  2"  a  small  quantity  in  place  of 
zero,  we  find, 

^  =  2.907^  +  3.097^1-+  .851 


/Zi=-.533±/>/g^ 


.009 


.907 

and    supposing  tlie  quantity  under  the  radical  sign  to   vanish, 
we  have  n^=—  .533 

^  .533 
=  1.433  F 

=  -.342F 
7-2= -^1=. 342  F 


2       1_(^2-1K 


=  .654F  IS\ 

and  the  lens  to  a  scale  F  =  one  inch,  rTJ      ^  a 

is  as  in  the  figure.  ^ 

This  Example  shews  us  that  Clairaut^s  condition,  of  the  inner 
surfaces  coinciding,  is  not  always  compatible  with  aplanatism  in 
the  double  lens. 

Art.  65.  Prop.  To  investigate  the  equations  for  finding  the 
form  of  a  triple  achromatic  arid  aplanatic  lens. 

We  suppose  the  two  outer  lenses  to  be  of  the  same  kind  of  glass, 
crown  or  plate,  and  the  middle  one  to  be  of  flint-glass. 

We  suppose  the  three  lenses  and  the  positions  of  the  successive 
foci  to  be  as  in  the  figure,  in  the  first  instance,  and  until  the 
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circumstances  for  any  particular  case  are  determined ;    and  our 
equations  for  achromatism  and  aplanatism  are  as  follows, 

11.11  n\ 

-f^j-'a-'a ^'^ 

0=f +^+^ (2) 

Ji     /a     /s 

0=f^A,  +  <i^,^A  +  f^A, (3) 

Pi  f*2  ^1 

We  have  to  determine  the  six  radii  r-^,  s^,  r^^  s^,  rg,  Sg,  or  their 
equivalents  f^,  f^,  f^,  Ui,  n.^,  n^ ;  so  that  we  need  three  more  equa- 
tions. These  three  equations  may  be  formed  on  any  conditions 
which  establish  desirable  properties  in  the  compound  lens,  pro- 
vided they  do  not  lead  to  results  incompatible  with  the  above 
three  equations. 

If  the  lenses  are  to  be  cemented  for  a  microscopic  object-glass, 
we  have  ro=  —s. 


or 


h^     /i(/^i-i) 

^2  1-%W-1) 


(4) 


%  l-W2(/^2-l) 

To  form  our  remaining  equation,  we  may  suppose  the  two  outer 
surfaces  to  have  their  radii  in  the  same  proportion  as  those  of 
a  single  lens  in  which  the  effect  of  obliquity  vanishes,  as  found  by 
the  rule  of  Art.  46,  from  the  expression 


^2-1 
where  m  is  to  be  found  from  the  given  value  of  F  and  the  given 


176  OPTICS. 

distances  QC=Ui,  q^C=v^;  [/.  being  the  average  refractive  index 
for  the  lens,  such  that, 


<'-i(^-i)4 


then 


m- 

F 

n  = 

F 

~  n 

Fif.^- 

1) 

H-'- 

F 

-— (V- 
«1 

-!>■- 

-1) 

*3  = 

1- 

-\)F 
{f.-\)n 

(r 

-1) 

F 

Our  sixth  equation,  therefore,  takes  the  form  s^^yr^ 

For  substitution  in  the  equation  of  aplanatism,  we  have  from 
the  two  first  equations    of  this  Article,   and  remembering  that 


1      1 

/l    ^1^1 

1                         73- 

f^-     {l-i^)F 

1                    1 

1 

From  the  fourth  and  fifth  equations,  we  have 

i^(l-XD-) 


/io  = 


i^/i I ^ 


«,(^+(1--)f)- 

.  'Vg— 1  /      f^i 


vi-a-'^)^ 
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Agaiii^  from  the  positions  of  the  successive  foci,  we  have 

^  ^Vi^-(l-mi)(l-7;r)F 
^  n^r^—{l—^)F 

These  quantities  being  substituted  in  the  equation  of  aplanatism 

~  u  2  ^1  ^    zr2^^2  ^    r^^3 

/^l  /^2  /^l 

we  have   a   numerical   equation   for   determining   the  remaining 
unknown  quantity  n^. 

Art.  66.  Prop.  To  investigate  the  equations  for  finding  the 
form  of  a  double  achromatic  lens  which  shall  be  aplanatic  to  the 
third  approximation. 

The  equation  which  gives  the  direction  of  a  ray  refracted  by 


a  lens  to  a  third  approximation  is  in  Art.  40  found  of  the  form 

V         f         U  fx,^  ^    /5 

Using  the  same  notation  as  before,  we  have  for  the  double  lens, 
as  follows 

i,^  1  __!_    ..(^      1)      ^ 

and  if  Vg  is  the  same  for  every  ray,  whatever  may  be  the  value 
of  xr,  we  must  have 
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«=Tr^^+--^^^ w 

«=f  ^f- ^'^ 

Now  -Dg  must  contain  the  coefficients  of  every  term  wliicli,  for 

the  second  lens,  rises  to  a?V^,  and  therefore  —  must  be  used  to  the 

second  approximation  in  forming  the  value  of  A,  which  will  thus 
yield  ^3  ^^^  ^^so  terms  which  have  w'^r^, 

thus  LJ-ip^JJhz;}lA, 

1 


_2 


If  the  equation  (1)  be  solved  after  m^,  ^a^,  jotg,  'sr,  and  F  are 
expressed  in  it  numerically,  we  shall  have  a  relation  between  n-^  and 
Wg,  and  then  the  equation  (2)  suffices  to  determine  them,  and 
so  also  the  form  of  the  lens. 


-:•«>.  'Vn    *^  ;•     \ 


v^    1vv 


CHAPTER   VI. 

ON    THE    FORMS    AND    PROPERTIES    OF    EYE-PIECES. 

The  use  of  an  eye-piece  of  a  telescope  or  microscope  is  to  produce, 
in  a  position  fit  for  vision,  a  magnified  image/  of  the  real  image 
given  by  the  object-glasses;  and  distinctness  extended  over  a  large 
field  of  view  is  the  desirable  property  to  be  sought  for.  Now,  the 
properties  of  lenses  which  produce  indistinctness  are  the  chromatic 
dispersion,  the  direct  and  oblique  aberrations,  the  confusion  in 
excentrical  pencils,  and  the  curvature  of  the  image  which  allows 
only  certain  portions  to  remain  within  the  limits  of  distance 
required  for  distinct  vision  by  the  eye. 

The  use  of  a  single  eye-lens  for  very  critical  astronomical  obser- 
vations, except  in  all  those  cases  where  a  large  field  is  absolutely 
necessary,  has  the  following  recommendation  from  the  pen  of 
Sir  Wm.  Herschel,  whose  experience  and  success  leave  his  opinion 
beyond  gainsaying.* 

"  Let  us  resign  the  double  eye-glass  to  those  who  view  objects 
merely  for  entertainment,  and  must  have  an  exorbitant  field  of 
view.  To  a  philosopher  this  is  an  unpardonable  indulgence.  I 
have  tried  both  the  single  and  double  eye-glass  of  equal  powers, 
and  always  found  that  the  single  eye-glass  had  much  the  supe- 
riority in  point  of  light  and  distinctness.  With  the  double  eye- 
glass I  could  not  see  the  belts  on  Saturn,  which  I  very  plainly 
saw  with  the  single  one.  I  would,  however,  except  all  those  cases 
where  a  large  field  is  absolutely  necessary,  and  where  power  joined 
to  distinctness  is  not  the  sole  object  of  our  view.'^ 

The  equi-convex  is  the  lens  which  has  generally  been  used  as  a 
single  eye-glass.     The  prismatic  effect  of  a  thin  lens  on  a  ray 

*  See  Phil.  Trans,  vol.  lxxii,  pp.  94,  95. 

,^       '■   ■  ■  N  2 
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passing  through  it  at  a  given  distance  from  the  axis,  we  saw  in 
Art.  59,  depended  on  the  focal  length,  and  remained  the  same 
when  the  focal  length  was  the  same,  however  the  radii  of  the 
surfaces  might  be  changed,  so  that  in  such  a  lens  the  chromatic 
dispersion  cannot  be  removed  or  reduced,  with  the  same  magnify- 
ing power. 

When  the  lens  is  thick,  a  small  effect  like  that  in  the  achromatic 
eye-piece  takes  place. 

The  oblique  and  direct  aberrations  can,  however,  be  greatly 
modified  and  reduced  by  changing  the  form  of  the  lens,  and  from 
Ex.  9,  page  85,  Ex.  4,  page  119,  and  Ex.  2,  page  142,  we  should 
expect  the  plano-convex  lens,  with  the  convex  surface  turned 
towards  the  eye,  to  possess  advantages  sufficient  to  ensure  its 
use.  To  shew  the  boundaries  of  the  field  of  view  distinctly,  how- 
ever, the  lens  should  be  of  the  form  found  below  for  the  field-glass 
of  Huygens's  eye-piece. 

Art.  67.  Prop.  To  investigate  the  origin  of  the  advantages 
obtained  in  Huygens^s  eye-piece. 


The  figure  represents  Huy- 
gens^s  eye-piece  with  both  lenses 
convexo-plane,  and  the  focal 
length  of  the  field-glass  three 
times  that  of  the  eye-glass,  with 
the  distance  between  them  equal 
to  twice  the  focal  length  of  the 
eye-glass. 


The  condition  of  achromatism  as  investigated  in  Art.  60,  is 
satisfied  exactly. 

From  Ex.  8,  page  85,  we  see  that  the  direct  pencil  from  the 
object-glass  falls  in  a  very  favourable  manner,  though  not  the  most 
so,  on  the  field-glass  for  small  aberration. 


If  we  make  use  of  the  result  of  Art.  50,  page  128,  as  found  in 
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the  Examples,  in  order  that  the  excentrical  pencils  may  have  their 

angles  of  incidence  and  emergence  equal,  and  therefore  the  con- 

2 
fusion  very  small,  we  have  r—^f^  s  =  2/.     The  eonvexo-plane  is 

o 

an  approximation  towards  this  form,  and  hence  the  confusion  of 

the  field-glass  is  small  in  the  parts  of  the  image  out  of  the  axis. 

If  we  examine  the  conditions,  in  order  that  the  lens  shall  give  an 
image  of  continued  curvature  in  accordance  with  Art.  53  and 
Art.  46,  we  find  that  the  given  positions  of  the  conjugate  foci 
render  our  expressions  unintelligible,  but  Ex.  3,  page  143,  shews 
us  that  the  proper  form  for  the  field-glass  is  a  meniscus  with  the 
concave  surface  towards  the  eye,  and  the  image  of  a  straight  line 
is  concave  to  the  eye-glass. 

From  these  considerations,  we  perceive  that  the  eonvexo-plane 
field-glass  is  an  excellent  compromise  to  approximate  to  several 
desirable  but  incompatible  qualities,  at  the  same  time;  although 
no  one  of  these  is  fully  acquired. 

Again,  the  eye-glass  is  not  of  the  best  form  for  shewing  the 

central   parts    of  the   field   of  view  the   most   distinctly,   which, 

from  Ex.  2,  page  83,  and  Ex.  4,  page  119,  we  see  should  have 

the  most  curved  side  towards  the  eye ;  but  applying  the  condition 

that  the  excentrical  pencils  should  have  equal  angles  of  incidence 

and  emergence,  we  find,  as  in  Ex.  2,  page  130,  that  a  deep  menis- 

2 
cus  with  radii  r=-/,  s—  —2/  is  the  proper  form,  with  the  con- 
o 

vex  surface  towards  the  incident  light. 

We  see  that  the  eonvexo-plane  lens  is  intermediate  and  a  com- 
promise between  the  two  forms,  though  much  nearer  to  the  latter, 
and  gives  moderately  distinct  vision  over  a  large  field,  which  the 
concave  image  furnished  by  the  field-glass  keeps  within  the  limits 
of  the  distance  required  by  the  eye. 

Art.  68.  Prop.  To  investigate  the  origin  of  the  advantages 
obtained  in  Ramsden's  eye-piece. 


V 
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The  lenses  of  Ramsden^s  eye- 
piece being,  as  in  the  figure,  two 
lenses  of  equal  focal  lengths  set 
at  the  distance  of  about  two- 
thirds  the  focal  length  of  either, 
the  field- glass  is  plano-convex, 
and  the  eye-glass  convexo-plane. 

The  lenses  are  set  too  near  together  to  satisfy  completely  the 
condition  of  achromatism ;  and  if  further  separated,  the  imperfec- 
tions and  unavoidable  dust  on  the  field-glass  would  be  seen  with 
the  image,  magnified  by  the  eye-glass ;  but  we  shall  see  also  that 
it  is  requisite,  the  real  image  formed  by  the  object-glass  should  be 
at  some  distance  from  the  field-glass,  in  order  that  its  virtual 
image  may  be  sufficiently  concave  to  the  eye-glass  to  produce  an 
extended  field  of  view,  within  the  range  of  distinct  vision. 

By  the  result  of  Ex.  9,  page  85,  we  see  that  the  field-glass  is 
nearly  in  the  position  for  its  minimum  aberration;  and  by  the 
results  of  Ex.  5,  page  120,  we  see  that  the  plano-convex  lens 
approximates  to  the  meniscus,  which  is  the  correct  form,  in  order 
that  the  oblique  aberration  may  be  the  same  as  the  direct. 

A  deep  meniscus  we  saw  also  in  Ex.  5  bis,  page  145,  gives  an 
image  of  a  straight  line  which  is  concave  to  the  lens  in  its  central 
parts  ;  but  as  the  pencils  forming  the  other  parts  of  the  image  fall 
very  excentrically  on  the  field-glass,  we  must  examine  the  form 
and  distinctness  of  those  parts  as  given  by  the  primary  and  secon- 
dary foci. 

To  apply  the  expressions  of  Art.  51,  page  133,  to  the  case  of 
the  field-glass  of  Ramsden^s  eye-piece,  we  have  r=  co,  c=  the 
focal  length  of  the  object-glass  of  the  telescope  nearly,  and  conse- 
quently very  large  compared  with  /  that  of  the  field-glass  ;  b  =  /^ 
nearly,  and  we  may  suppose  t  the  thickness  small  compared 
with  /. 

Since  the  image  formed  by  the  object-glass  is  near  the  field- 
glass,  we  have  u  small  compared  with  s  and  f,  and  need  in  the 
small  term  retain  only  the  quantities  which  have  u^  in  the  deno- 
minator, rejecting  also  those  which  have  /  in  the  numerator  even 
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when  they  have  iv^  in  the  denominator.  We  have  then  the  expres- 
sions for  —  and  —  identical,  or  the  confusion  is  small  in  these 
circumstances. 


thus 


^1  ~  *^2  ~       * 

1  6^ 


u     i^  .u^      2[jiu'  s 


say 


where  Vj,  V2  and  v  are  negative,  and  the  image  virtual,  as  at  q,  q 
in  the  figure ;  they  are  also  to  be  measured  from  the  point  P'. 


^^jiL 

\ 

uv 

1"'^'^^                  A 

E 

^        V 

Taking  E  for  the  pole,  let  Eq=f  =  EF-\-P'q 
and         P'q='i\2 


=  ?;■ 


2/xM^5 


EP'—f-Y    •^  ^^ ^  from  the  approximate  equation  to  the 

circular  arc  A'P\ 

and  putting  for  s  its  value  {^  —  \)f,  also  neglecting  /  in  the  value 


of  V,  we  have  v- 


/« 


/-« 


We  have       p=./!-+^Z-^/^3_^^l 

We  see  that  the  eocfScient  of  5^  diminishes  as  u  from  being  very 
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small,  is  increased ;  and  by  comparing  with  the  approximate  equa- 
tion of  a  straight  line,  namely, 

we  find  that  the  virtual  image  becomes  concave  to  the  lens  when  u 

3 

is  increased,  for  {jI'=-^  beyond  the  value  .146/,  and  hence,  in  order 

to  see  distinctly  a  large  extent  of  the  micrometer  wires  and  image 
formed  by  the  object-glass,  they  must  not  be  too  close  to  the 
field-glass  of  the  eye-piece,  which  is  according  to  the  rule  adopted 
by  R-amsden. 

The  result  of  the  discussions  of  Huygens's  and  Ramsden's  eye- 
pieces shews  us,  that  if  any  improved  eye-piece  should  be  found, 
it  will  be  by  taking  those  forms  of  lenses  which  secure  the  most 
desirable  properties,  whilst  the  less  desirable  ones  are  neglected. 

Art.  69.  Prop.  To  investigate  the  origin  of  the  advantages 
in  WoUaston's  doublet. 

As  explained  at  page  152,  Part  I.,  Wollaston's  doublet  consists 
of  two  lenses,  of  the  same  forms,  focal  lengths,  and  distance,  as 
constitute  a  Huygens^s  eye-piece,  being  used  for  a  microscope  with 
the  lens  of  the  longer  focus  turned  towards  the  eye. 

In  the  annexed  figure  let  /j  be  the  focal 
length  of  the  lens  Cj,  /g  that  of  c.,,  and  the 

distance  q,  c^^^{f^  + f^) ;  also/g^S/i. 


Let  Q  be  the  place  of  the  object,  and  q 
that  of  its  virtual  image  given  by  the  lens  q. 
The  primary  image  q  is  viewed  through  the 
eye-lens  Cg  as  if  it  were  an  object ;  and  the 
virtual  image  seen  by  the  eye  must  be  taken 
as  at  the  least  distance  of  distinct  vision. 


We  may,  however,  consider  the  rays  emerg- 
ing from  ^2  as  parallel,  since  the  focal  lengths 
of  the  lenses  are  very  small  compared  with 


' 

. 

^-'-' 

cT^^~^^ 

\    i 

/ 

\^ 

w 

4\ 

^' 

-\—-. 
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the  least  distance  of  distinct  vision ;  the  combination  being  equi- 
valent to  a  single  lens  of  Vu^h,  ~th,  ^l  th,  or  3^th  inch  focus, 
frequently. 

Then  we  have  ^2^.  —  fi  —  ^f\  i     nearly 

<^i?  =  ^2^-^i^2  =3/1-^  (/i  4-/2) 

=  /i      nearly 
again,  for  the  conjugate  foci  of  the  lens  c^  we  have 
1__J ]_ 

. 1_ 

"      /i 

and  the  object-lens  magnifies  the  image  twice,  which  is  equivalent 
to  doubling  the  power  of  the  eye-lens  if  taken  by  itself.  This 
coincides  with  the  result  obtained  by  using  the  rule  found  in 
Art.  81,  Part  I. 

Both  the  lenses  are  used  in  favourable  circumstances  for  small 
aberrations,  as  shewn  in  Ex.  9,  page  85,  and  they  also  approximate 
to  the  proper  forms  in  respect  of  the  oblique  aberrations,  as  shewn 
in  Ex.  4  and  Ex.  5,  pages  119  and  120.  It  appears,  however, 
that  a  meniscus  is  the  more  appropriate  form  for  the  lower  lens, 
both  from  Ex.  5,  page  120,  and  from  page  90;  for  the  eye-lens, 
however,  a  meniscus  would  have  had  less  direct  aberration  but 
more  oblique  aberration,  as  seen  from  Ex.  4,  page  119.  The 
curvature  of  the  virtual  image  q  would  also  be  more  favourable 
with  a  meniscus  in  place  of  the  plano-convex  object-glass,  as 
shewn  by  Ex.  5,  page  145. 

The  distance  required  between  the  lenses,  in  order  to  procure 
achromatism,  from  page  160,  should  be 

c  c-A±A 
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/i 


and  since  «  =  —  as  found  above,    .'.  Cj  Cg—  oo  for  achromatism, 
which  consequently  is  not  satisfied. 

The  effect  of  the  diaphragm  introduced  by  the  practical  opticians, 
is  to  limit  the  direct  pencil  and  also  to  cut  off  the  extreme  outside 
rays  of  the  oblique  pencils,  and  thus  contribute  to  the  distinctness 
of  the  parts  of  the  image  formed  by  them. 


CHAPTER    VII. 


ON    CAUSTICS. 


In  Article  18,  Part  I.,  it  was  shewn  how  the  caustic  curve  in 
light  reflected  by  a  spherical  mirror  arose  from  the  continual  inter- 
section of  consecutive  rays,  and  was  connected  with  the  aberration. 
Whenever  aberration  exists,  it  is  clear  that  a  caustic  will  be  formed, 
both  in  refracted  and  reflected  light.  The  term  caustic  curve  has 
been  most  frequently  reserved  for  the  locus  of  the  ultimate  inter- 
sections of  the  rays  in  the  plane  of  incidence,  and  termed  a 
catacaustic  for  reflexion,  and  a  diacaustic  for  refraction. 

Allien  the  reflecting  or  refracting  surface  is  one  of  revolution 
and  the  pencil  incident  directly,  the  revolution  of  the  caustic  round 
the  same  axis  forms  a  caustic  surface.  This  surface  being  the 
locus  of  the  primary  foci  (see  page  25),  we  may  call  it  the  primary 
caustic  surface.  We  have  seen,  however,  that  consecutive  rays 
also  intersect  at  the  secondary  focus,  which  is  always  in  the  line 
drawn  through  the  luminous  origin  and  the  center  for  a  spherical 
surface,  so  that  the  assemblage  of  secondary  foci  forms  a  straight 
line,  which  is  also  rightly  denominated  a  caustic.  In  other  forms 
of  reflecting  or  refracting  surfaces,  the  assemblage  of  secondary 
foci  will  generally  form  a  secondary  caustic  surface.  In  aplanatic 
reflexion  or  refraction  these  surfaces  are  reduced  to  one  point, 
which  is  the  aplanatic  focus,  and  at  spherical  surfaces  we  have 
seen  that  the  secondary  caustic  surface  is  reduced  to  a  line. 

That  generally  there  will  be  two  caustic  surfaces,  as  shewn  by 
Mains  in  vol.  ii.  of  the  "  Memoires  des  Savans  Etrangers"  we  may 
conclude  from  the  following  considerations.  When  rays  of  light 
diverge  in  all  directions  around  a  luminous  point,  they  will  be 
normals  to  every  spherical  surface  which  has  that  point  for  center ; 
or  their  orthogonal  trajectory  is  everywhere  a  spherical  surface. 
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When  there  is  aplanatic  reflexion  oi*  refraction,  the  orthogonal 
trajectory  of  the  reflected  or  refracted  rays  will  be,  in  every 
position,  a  spherical  surface  with  the  focus  for  center.  In  other 
cases  the  orthogonal  trajectory  of  the  reflected  or  refracted  rays 
will  be  some  other  form  of  surface,  and  the  primary  and  secondary 
foci  of  the  reflected  or  refracted  pencil  will  be  the  centers  of 
greatest  and  least  curvature  of  the  trajectory ;  being  the  intersec- 
tions of  the  consecutive  normals  to  that  surface. 

The  discussion  of  the  properties  of  systems  of  rays,  as  under- 
taken by  Mains  in  the  before-mentioned  paper  and  by  Sir  William 
Hamilton  in  the  ''  Transactions  of  the  Royal  Society  of  Dublin, 
1828,^^  is  an  interesting  subject  in  the  higher  geometry,  and  the 
properties  of  caustics  and  of  the  orthogonal  trajectories  are  also  of 
importance  in  physical  optics,  from  the  interference  of  light  which 
takes  place  in  the  trajectories  when  they  form  an  edge  of  regres- 
sion. To  this  problem  it  is  now  admitted  the  theory  of  the 
rainbow  must  be  referred ;  but  in  the  immediate  objects  of  geo- 
metrical optics,  such  as  the  theory  of  optical  instruments,  the 
properties  of  caustics  and  their  forms  for  different  reflecting  and 
refracting  surfaces  are  of  small  moment,  so  that  only  a  few  of  the 
more  ordinary  cases  will  be  here  discussed. 

Art.  70.  Prop.  To  shew  that  when  jyarallel  rays  are  inci- 
dent on  a  concave  spherical  mirror^  the  primary  caustic  is  an 
epicycloid  generated  by  a  point  in  the  circumference  of  a  circle, 
whose  radius  is  one-fourth  that  of  the  mirror,  whilst  it  rolls  upon 
a  circle  concentric  with  the  mirror  and  of  half  its  radius. 

Let  BAD  be  the  spherical  mirror  whose  center  is  C ;  let  F 

be   the   principal   focus    and    baFd    a    semicircle   with   radius 

AC 
AF=—^  ;  let  BFD  be  the  epicycloid  generated  by  a  point  in 

the  circumference  of  a  circle  whose  diameter  is  AF  rolling  on 
bFd ;  and  let  QP  be  any  one  of  the  rays  incident  parallel  to 
CA  and  reflected  in  Pq^q^ ;  then,  if  q^  is  the  primary  focus,  it  is  a 
])oint  in  the  epicycloid. 

Draw  CaP  and  the  rolhng  circle  on  aP  as  diameter,  when  it 
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touches  the  mnTor  at  P.  The  angle 
of  incidence  (i)  is  Z  QPC,  and  equals 
the  angle  of  reflexion  Z  CPq^',  join 
aq^. 


ThenfromArt.il,   1^?_!5£- *     ^ 


u  ft 


and  here     -=0 
u 


Vjz=-  COS.  ^ 
=:  Pa  COS.  i 


or  q^  the  primary  focus  is.  a  point  in  the  circumference  of  the 
circle  aq^P, 

Again  aACP=  A  QPC=  Z  CPg^,  and  the  angle  subtended 
by  the  arc  aq^  at  the  center  of  the  rolling  circle  equals  twice  the 
angle  PCFj  and  the  radii  are  in  the  ratio  1 : 2,  therefore  the  arc 
F«=  arc  aq^,  and  q^  is  a  point  in  the  epicycloid  Bq^FD. 

Art.  71.  Prop.  To  shew  that  when  rays  diverge  from  a 
point  in  the  circumference  of  a  spherical  mirror ^  the  primary 
caustic  J  formed  by  the  reflected  rays,  is  an  epicycloid  generated  by 
a  point  in  the  circumference  of  a  circle,  of  one-third  the  radius  of 
the  mirror  whilst  it  rolls  on  a  fixed  circle  concentric  with  the 
mirror,  also  of  one-third  its  radius. 

Let  QBAD  be  the  section 
of  the  mirror  by  the  plane  of 
incidence;  Q  the  luminous 
point,  and  QP  any  incident 
ray  reflected  in  Pq^q^' 


Draw  the  radius  CaP,  and 
let  baqd  be  the  fixed  circle 
whose  radius  Ca  or  Cq  equals 
one- third  of  CA.  Also  on 
aP  as  diameter,  draw  the 
rolling  circle  as  in  the  figure, 
and  let  Qeqf  be  the  epicy- 
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cloid  described  by  the  point  in  its  circumference.  Let  q^  and  q^ 
be  the  primary  and  secondary  foci.  Then^  angle  of  incidence 
QPC=i  =  5'iPC  the  angle  of  reflexion.     Join  aq^^  by  Art.  11, 

1       2  sec.  i       1 


AC        QP 

2 1 

AC  cos,  i     2 AC  COS. 

3 


2^Ccos.  i 


2 
/.     Pq^=Vi=-^  AC  COS.  i 

o 

=  aP  COS.  i 
and  qi  is  in  the  circumference  of  the  rolling  circle. 

Again,  z  PC-4  =  2  z  PQC=2i=  angle  which  the  arc  aq^  sub- 
tends at  the  center  of  the  rolling  circle ;  and  the  radii  of  the  fixed 
and  rolling  circles  are  equal,  therefore  arc  aq=  arc  aq^,  and  the 
point  q^  is  in  the  epicycloid. 

In  other  positions  of  the  luminous  point,  the  caustic  is  not  a 
known  curve,  but  can  always  be  drawn  by  calculating  the  positions 
of  a  succession  of  points.  It  can  be  shewn,  as  in  the  next  Article, 
that  in  all  cases  where  the  aberration  varies  as  the  square  ©f  the 
semi-aperture  either  for  reflexion  or  refraction,  that  the  primary 
caustic  has  a  cusp  at  the  geometrical  focus,  and  is  ultimately  a 
semi-cubical  parabola.     The  method  is  that  of  Mr.  Coddington.* 

Art.  72.  Prop.  To  shew  that  when  the  aberration  of  a 
reflected  or  refracted  pencil  varies  as  the  semi-aperture  squared, 
the  caustic  is  ultimately  a  semi-cubical  parabola. 

Let  the  origin  O  be  the  geometrical  focus;  pq\Op'  the  caustic, 
having  a  cusp  at  O;  q^  the  intersection  of  two  consecutive  rays, 
one  of  which  Pq^q  meets  the  axis  at  q. 

*  "Optics,"  p.  231. 
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Let  OM=a^,  q^M  =  y  be 
the  co-ordinates  of  q^ , 


we  have      tan.  q^gM-- 


dy 
dec 


and  Oq  the  aberration,  varies 
as  (1  aperture/ 

=  a(-^)  ultimately 


lere  a 

is   a   constant    de 

- 

nding 

on  the  particular  case 

• 

Then 

Oq  = 

OM- 

Mq 

=  a?- 

-ycot 

,q^qM 

=  £C- 

dy 
dx 

=am 


(dy\ 
\dx) 


as  above. 


Or,  we  have  to  integrate  the  differential  equation 
dy        _      dy^ 


dx 


y=  a 


differentiating,  we  have 

dy  ,  ^A     dy 
dx       dx^     dx 


dx^ 


dy^    d^y 

'  dx^    dx^ 


or 


da? 


(^45-^)=« 


d^y 
1^^ 


=0, 


or 


3« 


dy' 


X 


The  first  being  integrated,  gives  the  equation  of  one  of  the 
rays ;  and  the  second  gives,  as  a  singular  solution  of  the  differential 
equation,  the  curve  which  is  the  locus  of  the  ultimate  intersections 
of  the  rays,  or  the  caustic  in  its  ultimate  form  near  0. 


192  OPTICS, 

for 


dy  _  x^ 
doc~~  v'3a 


o 

00^     by  integration 


4 
27fl 


4 
or  y2____^3     ^]jg  equation  of  a  semi-cubical  para- 

bola. 


The  primary  caustic,  in  many  cases,  can  be  readily  found  as  the 
locus  of  the  ultimate  intersections  of  consecutive  rays,  by  the 
ordinary  method  of  singular  solutions. 

If  F=0,  be  the  equation  of  one  of  the  refracted  or  reflected 
rays,  which  contains  the  co-ordinates  x,  y  to  the  first  power  and 
constants,  together  with  an  indeterminate  parameter  m,  and  we 
eliminate  m  between  the  equations 

dm  ~~ 

the  resulting  equation  is  that  of  the  caustic  required.  It  is,  how- 
ever, generally  easier  to  treat  each  case  according  to  the  nature  of 
the  data,  without  reducing  to  the  form  F=0  with  only  one  inde- 
terminate parameter. 

Thus,  let  a?,  y  be  the  co-ordinates  of  a  point  on  the  reflecting  or 
refracting  curve,  whose  equation  is  f{x,  ^)=0,  the  equation  of  the 
ray  will  be  of  the  form 

y-y=A[x'—x) 

where  -<^  is  a  function  of  x,  y ;  and  at  the  point  of  ultimate  inter- 
section x'i  y  remain  constant  whilst  x,  y,  and  A  vary,  therefore 
differentiating,  we  have 

_dy^dA.    ,__     ^^ 
dx     dx 
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<2?'=^  + 


dx 

dA 
dx 


also 


A  =  ^,  since  each  ray  is  tangent  to  the 


caustic;  and  these  equations  give  the  solution  from  the  integral 

y'=SAdx' 
or  otherwise,  by  eliminating  x,  and  y  from  the  equations. 

Art.  73.     Prop.     To  find  the  caustic  when  rays  parallel  to 
the  axis  are  reflected  by  a  concave  cycloidal  mirror. 

Let  OPAB  be  the  cycloid,  Ox, 
Oy  the  co-ordinate  axes,  and  the 
equation  of  the  cycloid 


2/  =  a  vers  ^ V^ax—x"^- 


dy 
dx 


-w 


X 

2a— X 


Let  the  ray  QP  be  incident  at  P, 
and  reflected  in  the  line  Pqiq^l 
PG  being  the  normal  at  P. 


Now  Hi—  angle  of  incidence  =  z  QPG  = 


and  y  —y  =  A{x—x) 

be  the  equation  of  the  reflected  ray,  we  have 
A=  —tan.  2i 


dx 


(1) 


1 


dx 


dx'^ 


s/2ax- 
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dA  fl2 


and 


dx     {a-xfV^ax—x^ 


differentiating  the  equation  (1)  considering  x\  y'  the  co-ordinates 
of  the  primary  focus  q^  and  therefore  constant  whilst  x  and  y  vaiy, 
we  have,  as  on  the  last  page, 

,  dx 

X  —x^ — -^-T- 

dA 
dx 

2ax—x^ 


.'.     .x=a±  s/c^  —  ax 
and  substituting,  we  have 

dx      —    V     a  —  x 
taking  the  upper  sign  and  integrating 


=  »  vers  '^ s/ax  —  x'^ 

2  a 

the  equation  of  a  cycloid  formed  by  a  point  in  a  rolling  circle  of 
half  the  radius  of  that  describing  the  original  cycloid. 

Art.  74.  Prop.  To  find  the  form  of  the  caustic  when  formed 
by  the  rays  reflected  at  a  logarithmic  spiral,  the  luminous  point 
being  in  the  pole. 

Let  S  be  the  pole  of  the  logarithmic  spiral  APP"  whose  equa- 
tion is  r=a^,  w^here  SP,  any  incident  ray  of  light,  =r  and 
ASP  =  $. 

Then  if  P The  the  tangent  at  P,  the  angle  SPT is  constant  by 
the  property  of  the  curve,  and  if  PN  be  the  normal,  the  angle  of 
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incidence  {i)  =SPN=--SPT=  constant, 


or 


cot.  i=tan.  SPT 


dr 


_     1 

let  q^  be  the  primary  focus,  Sqi=p,  and  z  q^SA^cj),  we  have  in 
the  triangle  SPqi 


sin.(7r— 22— 0— 9)  sin.  (2i) 

_  sin.  2i 

and  for  the  locus  of  ultimate  intersections  p  and  <^  remain  constant 
whilst  r  and  9  vary ;  therefore,  differentiating, 


0=^ 


sin.2z  rsin.  2icos.  (2i  +  «^  — fl) 


sin.  (2i  +  </)  — 9) 


sin.2(2z  +  0-fi) 


or  O=logg  (a)  ,(i   sin.2i.sin.{2i  +  0  — 5)+a^.sin.2icos.(2i+0  — 0) 


tan.  (2i  +  9  — 6)  = 


1 


log,  (fl) 
=  —cot.  I 


tan 


•  ('-i) 


o  2 
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and 


=  (fi  —  a 

0 
p  =  a 


if  a  =^—i  =  constant 


sin.  2i 


sm.{2i  +  <f>  —  Q) 


e        sin.  2i 


■6-') 


sm 


=:2.sin.^.«^^-") 
which  is  the  equation  of  another  logarithmic  spiral. 

Let  2sin.  z  =  fl^    then, 


then 


,(0  +  /3-«) 


which  shews  that  the  caustic  differs  from  the  reflecting  curve  only 
in  having  a  different  origin  of  the  angular  ordinate. 

Art.  zb.  Prop.  To  find  the  form  of  the  primary  caustic 
when  a  diverging  pencil  of  rays  is  refracted  at  a  plane  surface 
of  a  medium. 

First,  let  Q  the  lu- 
minous point  be  out- 
side the  medium,  and 
QA=u. 

>- 

Let  q  be  the  first 

appi*oximate  focus  and 

the  cusp  of  thetjaustic, 

the  line  AQqq^  being 

perpendicular  to    the 

'surface  and  the  axis  of 

x.     Let  A  be  the  origin  of  co-ordinates,   QP   any  ray  incident 

at  P,  and  AP  =  y ; xPq^^^heiag  the  direction  of  the^^racted  ray. 


TKen  by  Ai^.  28,-' Part  L,     ^"^ 


\ 
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If  the  equation  of  the  refracted  ray  be  of  the  form 

we  have,  y  =  AP  ,    a?=0 

A=tan,Pq2JX 
AP 

92^ 


and  differentiating  the  equation  y—y  =  Ax  considering  x,  y  the 
co-ordinates  of  the  point  where  the  ray  touches  the  caustic 

^\.  ,  dA   , 

then  1  = j—x 

dy 

M .  x' 
or  1=  "^ 


,_\y.V^y\^^-\)\^ 


(1) 


or  X  —  2  2 

substituting  the  values  of  A  and  x'  in  the  equation 

y-y-\-Ax 
wehave  y'=-tk^fl^ (2) 

and  ehminating  y  between  (1)  and  (2)  we  have 

\[>m)        \  [LU         ) 

which  is  the  equation  of  the  caustic  and  is  the  evolute  of  an 
hyperbola. 

Again,  if  we  put  -  for  ju,  we  have  secondly,  the  result  for  the 

p 
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luminous  point  Q  within  the  dense  medium,  and  the  equation  of 
the  caustic  becomes 

which  is  the  equation  of  the  evolute  to  an  ellipse. 

The  caustic  formed  by  rays  refracted  at  a  spherical  surface  does 
not  take  a  form  so  simple  as  these  which  have  been  discussed ;  it 
can,  however,  be  always  described  graphically  by  computing  the 
place  of  the  primary  focus. 

The  properties  of  diacaustics  will  be  found  discussed  in  the 
"Treatise  on  Caustics/^  by  G.  H.  S.  Johnson,  M.A.,  Tutor  of 
Queen^s  College,  Oxford;  also  in  Coddington's  "Optics/'  in 
Dealtry's  "  Fluxions,''  &c. 

In  Sir  John  Herschel's  Treatise  on  'Light,'  in  the  "Encyclopaedia 
Metropolitana,"  Art.  170,  will  be  found  a  list  of  authors  who  have 
written  on  caustics. 

The  form  of  the  caustic  produced  by  both  refraction  and  reflexion 
in  a  drop  of  rain,  in  the  case  of  the  rainbow,  will  be  found  in  the 
Author's  Paper  on  that  subject  in  Part  I.  Vol.  vi.  of  the  Transac- 
tions of  the  Cambridge  Philosophical  Society,  and  it  must  be  also 
now  discussed  in  the  Treatises  on  Physical  Optics. 


THE    END. 
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